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Abstract 

The goal of this paper is to prove that coniveau spectral sequences 
are motivically functorial for all cohomology theories that could be 
factorized through motives. To this end the motif of a smooth vari- 
ety over a countable field k is decomposed (in the sense of Postnikov 
towers) into twisted (co)motives of its points; this is generalized to ar- 
bitrary Voevodsky's motives. In order to study the functoriality of this 
construction, we use the formalism of weight structures (introduced in 
the previous paper). We also develop this formalism (for general tri- 
angulated categories) further, and relate it with a new notion of a nice 
duality (pairing) of (two distinct) triangulated categories; this piece of 
homological algebra could be interesting for itself. 

We construct a certain Gersten weight structure for a triangulated 
category of comotives that contains DMgll as well as (co)motives of 
function fields over k. It turns out that the corresponding weight spec- 
tral sequences generalize the classical coniveau ones (to cohomology of 
arbitrary motives). When a cohomological functor is represented by a 
Y € Obj DM e J^ , the corresponding coniveau spectral sequences can 
be expressed in terms of the (homotopy) i-truncations of Y; this ex- 
tends to motives the seminal coniveau spectral sequence computations 
of Bloch and Ogus. 
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00287) and INTAS (grant no. 05-1000008-8118). 
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We also obtain that the comotif of a smooth connected semi-local 
scheme is a direct summand of the comotif of its generic point; co- 
motives of function fields contain twisted comotives of their residue 
fields (for all geometric valuations). Hence similar results hold for any 
cohomology of (semi-local) schemes mentioned. 
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We recall two very important statements concerning coniveau spectral 
sequences. The first one is the calculation of E 2 of the coniveau spectral se- 
quence for cohomological theories that satisfy certain conditions; see |BOg94 



and [CHK97J . It was proved by Voevodsky that these conditions are fulfilled 
by any theory H represented by a motivic complex C (i.e. an object of 
£)M_ ; see |Voe00aJ ); then the E^-terms of the spectral sequence could be 
calculated in terms of the (homotopy t-structure) cohomology of C . This re- 
sult implies the second one: if-cohomology of a smooth connected semi-local 
scheme (in the sense of §4.4 of |Voe00bJ ) injects into the cohomology of its 
generic point; the latter statement was extended to all (smooth connected) 
primitive schemes by M. Walker. 

The main goal of the present paper is to construct (motivically) functorial 
coniveau spectral sequences converging to cohomology of arbitrary motives; 
there should exist a description of these spectral sequences (starting from 
Eq) that is similar to the description for the case of cohomology of smooth 
varieties (mentioned above). 

A related objective is to clarify the nature of the injectivity result men- 
tioned; it turned our that (in the case of a countable k) the cohomology of 
a smooth connected semi-local (more generally, primitive) scheme is actu- 
ally a direct summand of the cohomology of its generic point. Moreover, 
the (twisted) cohomology of a residue field of a function field K/k (for any 
geometric valuation of K) is a direct summand of the cohomology of K. We 
actually prove more in §4.31 

Our main homological algebra tool is the theory of weight structures (in 
triangulated categories; we usually denote a weight structure by w) intro- 
duced in the previous paper |Bon07j . In this article we develop it further; 
this part of the paper could be interesting also to readers not acquainted with 
motives (and could be read independently from the rest of the paper). In 
particular, we study nice dualities (certain pairings) of (two distinct) trian- 
gulated categories; it seems that this subject was not previously considered 
in the literature at all. This allows us to generalize the concept of adjacent 
weight and t-structures (t) in a triangulated category (developed in §4.4 of 
|Bon07J ): we introduce the notion of orthogonal structures in (two possibly 
distinct) triangulated categories. If $ is a nice duality of triangulated C_, D_, 
X G ObjC_, Y G ObjD_, t is orthogonal to w, then the spectral sequence 
S converging to $(X, Y) that comes from the t-truncations of Y is natu- 
rally isomorphic (starting from E 2 ) to the weight spectral sequence T for the 
functor $(— , Y). T comes from weight truncations of X (note that those gen- 
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eralize stupid truncations for complexes). Our approach yields an abstract 
alternative to the method of comparing similar spectral sequences using fil- 
tered complexes (developed by Deligne and Paranjape, and used in [Par96j, 
Deg09|, and |Bon07] ). Note also that we relate t-truncations in D_ with vir- 
tual t-truncations of cohomological functors on C_. Virtual ^truncations for 
cohomological functors are defined for any (C, w) (we do not need any tri- 
angulated 'categories of functors' or t-structures for them here); this notion 
was introduced in §2.5 of |Bon07] and is studied further in the current paper. 

Now, we explain why we really need a certain new category of comotives 
(containing Voevodsky's DMgff), and so the theory of adjacent structures 
(i.e. orthogonal structures in the case G_ — D, $ = C(—, — )) is not sufficient 
for our purposes. It was already proved in |Bon07] that weight structures 
provide a powerful tool for constructing spectral sequences; they also relate 
the cohomology of objects of triangulated categories with t-structures adja- 
cent to them. Unfortunately, a weight structure corresponding to coniveau 
spectral sequences cannot exist on DMl ,f D DM e g ll since these categories 
do not contain (any) motives for function fields over k (as well as motives of 
other schemes not of finite type over k; still cf. Remark 14.5.4( 5)). Yet these 
motives should generate the heart of this weight structure (since the objects 
of this heart should corepresent covariant exact functors from the category 
of homotopy invariant sheaves with transfers to Ab). 

So, we need a category that would contain certain homotopy limits of 
objects of DMgff. We succeed in constructing a triangulated category 2) (of 
comotives) that allows us to reach the objectives listed. Unfortunately, in 
order to control morphisms between the homotopy limits mentioned we have 
to assume k to be countable. In this case there exists a large enough trian- 
gulated category D s (DMg£f C 3 S C 3) endowed with a certain Gersten 
weight structure w; its heart is 'generated' by comotives of function fields. 
w is (left) orthogonal to the homotopy t-structure on DM e J^ and (so) is 
closely connected with coniveau spectral sequences and Gersten resolutions 
for sheaves. Note still: we need k to be countable only in order to construct 
the Gersten weight structure. So those readers who would just want to have 
a category that contains reasonable homotopy limits of geometric motives 
(including comotives of function fields and of smooth semi-local schemes), 
and consider cohomology theories for this category, may freely ignore this 
restriction. Moreover, for an arbitrary k one can still pass to a countable 
homotopy limit in the Gysin distinguished triangle (as in Proposition 13.6. ip . 
Yet for an uncountable k countable homotopy limits don't seem to be in- 
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teresting; in particular, they definitely do not allow to construct a Gersten 
weight structure (in this case). 

So, we consider a certain triangulated category D D DM e g H that (roughly!) 
'consists of (covariant) homological functors DM^H — > Ab. In particular, 
objects of D define covariant functors SmVar — > Ab (whereas another 'big' 
motivic category DM e J^ defined by Voevodsky is constructed from certain 
sheaves i.e. contravariant functors SmVar — > Ab; this is also true for all mo- 
tivic homotopy categories of Voevodsky and Morel). Besides, DM e g ll yields 
a family of (weak) cocompact cogenerators for D. This is why we call ob- 
jects of D comotives. Yet note that the embedding DM^H — > D is covariant 
(actually, we invert the arrows in the corresponding 'category of functors' 
in order to make the Yoneda embedding functor covariant), as well as the 
functor that sends a smooth scheme U (not necessarily of finite type over k) 
to its comotif (which coincides with its motif if U is a smooth variety). 

We also recall the Chow weight structure w' Chow introduced in [Bon07j; 
the corresponding Chow-weight spectral sequences are isomorphic to the clas- 
sical (i.e. Deligne's) weight spectral sequences when the latter are defined. 
w Chow cou ld De naturally extended to a weight structure Wchow for We 
always have a natural comparison morphism from the Chow-weight spectral 
sequence for (H, X) to the corresponding coniveau one; it is an isomorphism 
for any birational cohomology theory. We consider the category of birational 
comotives Dur i>e. the localization of D by (that contains the cat- 

egory of birational geometric motives introduced in [KaS02j; though some 
of the results of this unpublished preprint are erroneous, this makes no dif- 
ference for the current paper). It turns our that w and Wchow induce the 
same weight structure w' bir on Dur- Conversely, starting from w' bir one can 
'glue' (from slices) the weight structures induced by w and Wchow ° n 2}/S)(^) 
for all n > 0. Moreover, these structures belong to an interesting family of 
weight structures indexed by a single integral parameter! It could be in- 
teresting to consider other members of this family. We relate briefly these 
observations with those of A. Beilinson (in [Bei98j he proposed a 'geometric' 
characterization of the conjectural motivic t-structure). 

Now we describe the connection of our results with related results of F. 
Deglise (see |Deg08a| , |Deg08b|, and | Deg09| ; note that the two latter papers 
are not published at the moment yet). He considers a certain category of 
pro-motives whose objects are naive inverse limits of objects of DM^ (this 
category is not triangulated, though it is pro-triangulated in a certain sense). 
This approach allows to obtain (in a universal way) classical coniveau spectral 
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sequences for cohomology of motives of smooth varieties; Deglise also proves 
their relation with the homotopy t-truncations for cohomology represented 
by an object of DM e J^ . Yet for cohomology theories not coming from motivic 
complexes, this method does not seem to extend to (spectral sequences for 
cohomology of) arbitrary motives; motivic functoriality is not obvious also. 
Moreover, Deglise didn't prove that the pro-motif of a (smooth connected) 
semi-local scheme is a direct summand of the pro-motif of its generic point 
(though this is true, at least in the case of a countable k) . We will tell much 
more about our strategy and on the relation of our results with those of 
Deglise in §1.5l below. Note also that our methods are much more convenient 
for studying functoriality (of coniveau spectral sequences) than the methods 
applied by M. Rost in the related context of cycle modules (see [Ros96j and 
§4 of |Deg08b| ). 

The author would like to indicate the interdependencies of the parts of 
this text (in order to simplify reading for those who are not interested in 
all of it). Those readers who are not (very much) interested in (coniveau) 
spectral sequences, may avoid most of section [5] and read only § §2.11 - 12.21 
(Remark 12.2.21 could also be ignored). Moreover, in order to prove our direct 
summands results (i.e. Theorem l4.2.1[ Corollary 14. 2. 2 [ and Proposition 14. 3 . 1]) 
one needs only a small portion of the theory of weight structures; so a reader 
very reluctant to study this theory may try to derive them from the results 
of §3] 'by hand' without reading §5] at all. Still, for motivic functoriality of 
coniveau spectral sequences and nitrations (see Prop osit ion 14 . 4 . ll and Remark 
I4.4.2P one needs more of weight structures. On the other hand, those readers 
who are more interested in the (general) theory of triangulated categories 
may restrict their attention to § §l.lf - 11.21 and $21 yet note that the rest of 
the paper describes in detail an important (and quite non-trivial) example 
of a weight structure which is orthogonal to a t-structure with respect to a 
nice duality (of triangulated categories). Moreover, much of section $4] could 
also be extended to a general setting of a triangulated category satisfying 
properties similar to those listed in Proposition 13. Lit yet the author chose 
not to do this in order to make the paper somewhat less abstract. 

Now we list the contents of the paper. More details could be found at the 
beginnings of sections. 

We start §1 with the recollection of t-structures, idempotent completions, 
and Postnikov towers for triangulated categories. We describe a method for 
extending cohomo logical functors from a full triangulated subcategory to the 
whole C_ (after H. Krause). Next we recall some results and definitions for 
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Voevodsky's motives (this includes certain properties of Tate twists for mo- 
tives and cohomological functors). Lastly, we define pro-motives (following 
Deglise) and compare them with our triangulated category D of comotives. 
This allows to explain our strategy step by step. 

$2] is dedicated to weight structures. First we remind the basics of this 
theory (developed in §[Bon07j). Next we recall that a cohomological func- 
tor H from an (arbitrary triangulated category) C_ endowed with a weight 
structure w could be 'truncated' as if it belonged to some triangulated cat- 
egory of functors (from C_) that is endowed with a t-structure; we call the 
corresponding pieces of H its virtual t -truncations. We recall the notion of 
a weight spectral sequence (introduces in ibid.). We prove that the derived 
exact couple for a weight spectral sequence could be described in terms of 
virtual t-truncations. Next we introduce the definition of a (nice) duality 
$ : C_ op x D_ — > A (here D_ is triangulated, A is abelian), and of orthog- 
onal weight and t-structures (with respect to $). If w is orthogonal to t, 
then the virtual t-truncations (corresponding to w) of functors of the type 
$(— ,Y), Y G ObjD_, are exactly the functors 'represented via $' by the ac- 
tual t-truncations of Y (corresponding to t). Hence if w and t are orthogonal 
with respect to a nice duality, the weight spectral sequence converging to 
$(X, Y) (for X G ObjC_, Y G ObjD) is naturally isomorphic (starting from 
E 2 ) to the one coming from ^truncations of Y . We also mention some al- 
ternatives and predecessors of our results. Lastly we compare weight decom- 
positions, virtual t-truncations, and weight spectral sequences corresponding 
to distinct weight structures (in possibly distinct triangulated categories). 

In §3] we describe the main properties of D D DM e g ll . The exact choice of 
D is not important for most of this paper; so we just list the main properties 
of D (and its certain enhancement D') in §3.11 We construct D using the for- 
malism of differential graded modules in §5] later. Next we define comotives 
for (certain) schemes and ind-schemes of infinite type over k (we call them 
pro-schemes). We recall the notion of a primitive scheme. All (smooth) 
semi-local pro-schemes are primitive; primitive schemes have all nice 'mo- 
tivic' properties of semi-local pro-schemes. We prove that there are no 25- 
morphisms of positive degrees between the comotives of primitive schemes 
(and also between certain Tate twists of those). In §3.61 we prove that the 
Gysin distinguished triangle for motives of smooth varieties (in DMgff) could 
be naturally extended to comotives of pro-schemes. This allows to construct 
certain Postnikov towers for the comotives of pro-schemes; these towers are 
closely related with classical coniveau spectral sequences for cohomology. 
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§H is central in this paper. We introduce a certain Gersten weight struc- 
ture for a certain triangulated category T) s {DM e g H C D s C D). We prove 
that Postnikov towers constructed in §3.61 are actually weight Postnikov tow- 
ers with respect to w. We deduce our (interesting) results on direct sum- 
mands of the comotives of function fields. We translate these results to 
cohomology in the obvious way. 

Next we prove that weight spectral sequences for the cohomology of X 
(corresponding to the Gersten weight structure) are naturally isomorphic 
(starting from E2) to the classical coniveau spectral sequences if X is the 
motif of a smooth variety; so we call these spectral sequence coniveau ones in 
the general case also. We also prove that the Gersten weight structure w (on 
is orthogonal to the homotopy t-structure t on DM e J^ (with respect to a 
certain $). It follows that for an arbitrary X G ObjDM s , for a cohomology 
theory represented by Y G ObjDM_ (any choice of) the coniveau spectral 
sequence that converges to $>(X,Y) could be described in terms of the t- 
truncations of Y (starting from E 2 ). 

We also define coniveau spectral sequences for cohomology of motives over 
uncountable base fields as the limits of the corresponding coniveau spectral 
sequences over countable perfect subfields of definition. This definition is 
compatible with the classical one; so we establish motivic functoriality of 
coniveau spectral sequences in this case also. 

We also prove that the Chow weight structure for DM g H (introduced in 
§6 of |Bon07| ) could be extended to a weight structure Wchow 011 ®- The cor- 
responding Chow-weight spectral sequences are isomorphic to the classical 
(i.e. Deligne's) ones when the latter are defined (this was proved in |Bon07j 
and [Bon09j). We compare coniveau spectral sequences with Chow- weight 
ones: we always have a comparison morphism; it is an isomorphism for a 
birational cohomology theory. We consider the category of birational como- 
tives Dbir i-e. the localization of D by D(l). w and wchow induce the same 
weight structure w' bir on 'Dur', one almost can glue w and Wchow from copies 
of w' bir (one may say that these weight structures could almost be glued from 
the same slices with distinct shifts). 

§3 is dedicated to the construction of ® and the proof of its properties. 
We apply the formalism of differential graded categories, modules over them, 
and of the corresponding derived categories. A reader not interested in these 
details may skip (most of) this section. In fact, the author is not sure that 
there exists only one D suitable for our purposes; yet the choice of T) does 
not affect cohomology of (the comotives of) pro-schemes and of Voevodsky's 
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motives. 

We also explain how the differential graded modules formalism can be 
used to define base change (extension and restriction of scalars) for comotives. 
This allows to extend our results on direct summands of the comotives (and 
cohomology) of function fields to pro-schemes obtained from them via base 
change. We also define tensoring of comotives by motives (in particular, 
this yields Tate twist for D), as well as a certain cointernal Horn (i.e. the 
corresponding left adjoint functor). 

$6] is dedicated to properties of comotives that are not (directly) related 
with the main results of the paper; we also make several comments. We 
recall the definition of the additive category T> 9en of generic motives (studied 
in |Deg08a|). We prove that the exact conservative weight complex functor 
corresponding to w (that exists by the general theory of weight structures) 
could be modified to an exact conservative WC : D s — > K b (D 9en ). Next we 
prove that a cofunctor Hw — > Ah is representable by a homotopy invariant 
sheaf with transfers whenever is converts all products into direct sums. 

We also note that our theory could be easily extended to (co)motives 
with coefficients in an arbitrary ring. Next we note (after B. Kahn) that 
reasonable motives of pro-schemes with compact support do exist in DM_ J ; 
this observation could be used for the construction of an alternative model 
for D. Lastly we describe which parts of our argument do not work (and 
which do work) in the case of an uncountable k. 

A caution: the notion of a weight structure is quite a general formalism for 
triangulated categories. In particular, one triangulated category can support 
several distinct weight structures (note that there is a similar situation with 
t-structures) . In fact, we construct an example for such a situation in this 
paper (certainly, much simpler examples exist): we define the Gersten weight 
structure w for T) s and a Chow weight structure Wchow for 2)- Moreover, we 
show in §4.91 that these weight structures are compatible with certain weight 
structures defined on the localizations D/D (n) (for all n > 0). These two 
series of weight structures are definitely distinct: note that w yields coniveau 
spectral sequences, whereas Wchow yields Chow-weight spectral sequences, 
that generalize Deligne's weight spectral sequences for etale and mixed Hodge 
cohomology (see |Bon07] and [Bon09j). Also, the weight complex functor 
constructed in [Bon09j and |Bon07] is quite distinct from the one considered 
in §6.11 below (even the targets of the functors mentioned are completely 
distinct). 

The author is deeply grateful to prof. F. Deglise, prof. B. Kahn, prof. M. 
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Rovinsky, prof. A. Suslin, prof. V. Voevodsky, and to the referee for their 
interesting remarks. The author gratefully acknowledges the support from 
Deligne 2004 Balzan prize in mathematics. The work is also supported by 
RFBR (grants no. 08-01-00777a and 10-01-00287a). 

Notation. For a category C, A, B G ObjC, we denote by C(A,B) the set 
of v4-morphisms from A to B. 

For categories C, D we write C C D if C is a full subcategory of D. 

For additive C, D we denote by AddFun(C, D) the category of additive 
functors from C to D (we will ignore set-theoretic difficulties here since they 
do not affect our arguments seriously). 

Ab is the category of abelian groups. For an additive B we will denote by 
B* the category AddFun(5, Ab) and by B* the category AddFun(£? op , Ab). 
Note that both of these are abelian. Besides, Yoneda's lemma gives full 
embeddings of B into B* and of B op into B* (these send X G ObjB to 
X* = B(-,X) and to X* = B(X, -), respectively). 

For a category C, X, Y G ObjC, we say that X is a retract of Y if idx 
could be factorized through Y . Note that when C is triangulated or abelian 
then X is a retract of Y if and only if X is its direct summand. For any D C C 
the subcategory D is called Karoubi- closed in C if it contains all retracts of 
its objects in C. We will call the smallest Karoubi-closed subcategory of C 
containing D the Karoubization of D in C; sometimes we will use the same 
term for the class of objects of the Karoubization of a full subcategory of C 
(corresponding to some subclass of ObjC). 

For a category C we denote by C op its opposite category. 

For an additive C_ an object X G ObjC_ is called cocompact if C^dli?/ Yi,X) = 
@ ie jC(Yi, X) for any set / and any y G ObjC_ such that the product exists 
(here we don't need to demand all products to exist, though they actually 
will exist below). 

For X, Y G ObjC we will write X JL Y if C(X, Y) = {0}. For D, E C 
ObjC we will write D _L E if X 1 F for all X G £>, Fefi. For D C C we 
will denote by D 1 - the class 

{Y G C%C : X 1 y VX G £>}. 

Sometimes we will denote by D -1 the corresponding full subcategory of C_. 
Dually, ± D is the class {y G 06jC : y _L X VX G £>}. This convention is 
opposite to the one of §9.1 of [NeeOlj . 
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In this paper all complexes will be cohomological i.e. the degree of all 
differentials is +1; respectively, we will use cohomological notation for their 
terms. 

For an additive category B we denote by C(B) the category of (un- 
bounded) complexes over it. K(B) will denote the homotopy category of 
complexes. If B is also abelian, we will denote by D(B) the derived category 
of B. We will also need certain bounded analogues of these categories (i.e. 
C b (B), K b (B) 7 D-(B)). 

C_ and D_ will usually denote some triangulated categories. We will use 
the term 'exact functor' for a functor of triangulated categories (i.e. for a for 
a functor that preserves the structures of triangulated categories). 

A will usually denote some abelian category. We will call a covariant ad- 
ditive functor C_ — » A for an abelian A homological if it converts distinguished 
triangles into long exact sequences; homological functors C_° p — > A will be 
called cohomological when considered as contravariant functors C — > A. 

H : C_ op — > A will always be additive; it will usually be cohomological. 

For / G C_(X,Y), X, Y G ObjC, we will call the third vertex of (any) 

distinguished triangle X — > Y — > Z a cone of /. Note that different choices 
of cones are connected by non-unique isomorphisms, cf. IV. 1.7 of [GeM03j. 
Besides, in C(B) we have canonical cones of morphisms (see section §111.3 of 
ibid.). 

We will often specify a distinguished triangle by two of its morphisms. 

When dealing with triangulated categories we (mostly) use conventions 
and auxiliary statements of |GeM03| . For a set of objects Cj G ObjC_, i G /, 
we will denote by (Cj) the smallest strictly full triangulated subcategory 
containing all Cjj for DcCwe will write (D) instead of {C : C G ObjD). 

We will say that Cj generate C_ if C_ equals (Cj). We will say that Cj 
weakly cogenerate C_ if for X G ObjC_ we have C_(X, Ci[j}) = {0} Vi G /, j G 
Z =^> X = (i.e. if {Cjfj]} contains only zero objects). 

We will call a partially ordered set L a (filtered) projective system if for 
any x,y G L there exists some maximum i.e. a z G L such that z > x and 
z > y- By abuse of notation, we will identify L with the following category 
D: ObjD = L; D(l',l) is empty whenever /' < /, and consists of a single 
morphism otherwise; the composition of morphisms is the only one possible. 
If L is a projective system, C is some category, X : L — > C is a covariant 
functor, we will denote X(l) for / G L by X\. We will write Y = lim Xi 
for the limit of this functor; we will call it the inverse limit of Xi. We will 
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denote the colimit of a contravariant functor Y : L — > C by lirn L Y\ and call 
it the direct limit. Besides, we will sometimes call the categorical image of 
L with respect to such an Y an inductive system. 

Below /, L will often be projective systems; we will usually require / to 
be countable. 

A subsystem V of L is a partially ordered subset in which maximums 
exist (we will also consider the corresponding full subcategory of L). We will 
call V unbounded in L if for any / G L there exists an I' G V such that V > I. 

k will be our perfect base field. Below we will usually demand k to be 
countable. Note: this yields that for any variety the set of its closed (or 
open) subschemes is countable. 

We also list central definitions and main notation of this paper. 

First we list the main (general) homological algebra definitions, t-structures, 
t-truncations, and Postnikov towers in triangulated categories are defined in 
§1.11 weight structures, weight decompositions, weight truncations, weight 
Postnikov towers, and weight complexes are considered in §2.1} virtual t- 
truncations and nice exact complexes of functors are defined in §2.3j weight 
spectral sequences are studied in §2.4} (nice) dualities and orthogonal weight 
and t-structures are defined in Definition 12.5.11 right and left weight-exact 
functors are defined in Definition 12.7.11 

Now we list notation (and some definitions) for motives. DM e g H C 
DM_ , HI and the homotopy t-structure for DM^ are defined in §1.3[ 
Tate twists are considered in §1.4} ^) naive is defined in §1.5[ comotives (2) 
and D') are defined in §3.1[ in §3.21 we discuss pro-schemes and their como- 
tives; in §3.3l we recall the definition of a primitive scheme; in §4.11 we define 
the Gersten weight structure w on a certain triangulated D s ; we consider 
wchow in §4.7[ 2)f»r and w' Ur are defined in §4.9[ several differential graded 
constructions (including extension and restriction of scalars for comotives) 
are considered in © we define 2) 9en and WC : D s -> K b (D gen ) in gU] 

1 Some preliminaries on triangulated categories 
and motives 

§1.11 we recall the notion of a t-structure (and introduce some notation for 
it), recall the notion of an idempotent completion of an additive category; 
we also recall that any small abelian category could be faithfully embedded 
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into Ab (a well-known result by Mitchell). 

In §1.2l we describe (following H. Krause) a natural method for extending 
cohomological functors from a full triangulated (7' C C_ to C_. 

In §1.31 we recall some definitions and results of Voevodsky. 

In §1.41 we recall the notion of a Tate twist; we study the properties of 
Tate twists for motives and homotopy invariant sheaves. 

In §1.51 we define pro-motives (following |Deg08a| and |Deg08b|). These 
are not necessary for our main result; yet they allow to explain our methods 
step by step. We also describe in detail the relation of our constructions and 
results with those of Deglise. 



1.1 ^-structures, Postnikov towers, idempotent comple- 
tions, and an embedding theorem of Mitchell 

To fix the notation we recall the definition of a t-structure. 

Definition 1.1.1. A pair of subclasses C*- , (7*-° C ObjC_ for a triangulated 
category C_ will be said to define a t-structure t if ((7'-°, (7*-°) satisfy the 
following conditions: 

(i) C*-°,C*- are strict i.e. contain all objects of C_ isomorphic to their 
elements 

(ii) c C^°[l], C^°[l} cC^°. 

(iii) Orthogonality. J_ C^°. 

(iv) t-decomposition. For any X G ObjC_ there exists a distinguished 
triangle 

A -> X -> B[-1]->A[1] (1) 
such that A e C*- , B e C'- . 

We will need some more notation for t-structures. 

Definition 1.1.2. 1. A category Ht whose objects are C t=0 = n 
Ht(X, Y) = C(X, Y) for X, Y e C t=0 , will be called the heart of t. Recall 
(cf. Theorem 1.3.6 of [BBD82J) that Ht is abelian (short exact sequences in 
Ht come from distinguished triangles in C_). 

2. C^ 1 (resp. C^ 1 ) will denote C^°[-l] (resp. C^°[-l]). 

Remark 1.1.3. 1. The axiomatics of t-structures is self-dual: if D_ = C_ op (so 
ObjC_ = ObjD) then one can define the (opposite) weight structure t' on D_ 
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by taking D 1 '- = and Z/-° = see part (iii) of Examples 1.3.2 in 

|BBD82] . 

2. Recall (cf. Lemma IV.4.5 in jGeM03j ) that (00) defines addit ive functors 
C : X A and C -)■ : X 5. We will denote A, 5 by X^° 
and X*- 1 , respectively. 

3. ([I]) will be called the t- decomposition of X. If X = Y[i] for some 
Y G ObjC, i G Z, then we will denote A by Y 1 - 1 (it belongs to and 

by (it belongs to (7*-°), respectively. Sometimes we will denote 

by i^K; t> m F = Y f - i+1 [-i - 1]. Objects of the type Y^j] and 
(f° r J ^ ^) w i n b e called t-truncations ofY. 

4. We denote by X 1=! the i-th cohomology of X with respect to t i.e. 
(yt<i)t>o ( cf part 10 of py 4 of jG e M03] l 

5. The following statements are obvious (and well-known): = ± O t - 1 ; 

Now we recall the notion of idempotent completion. 

Definition 1.1.4. An additive category B is said to be idempotent complete 
if for any X G ObjB and any idempotent p G B(X, X) there exists a decom- 
position X = Y Z such that p — ioj, where i is the inclusion Y —> Y Z , 
j is the projection Y @ Z — > Y . 

Recall that any additive B can be canonically idempotent completed. Its 
idempotent completion is (by definition) the category B' whose objects are 
(X,p) for X G ObjB and p G B(X, X) : p 2 = p; we define 

A'((X,p), (X',p>)) = {fe B(X,X') : p'f = fp = /}. 

It can be easily checked that this category is additive and idempotent com- 
plete, and for any idempotent complete C D B we have a natural full em- 
bedding B' C. 

The main result of |BaS01J (Theorem 1.5) states that an idempotent 
completion of a triangulated category C_ has a natural triangulation (with 
distinguished triangles being all retracts of distinguished triangles of C_). 

Below we will need the notion of a Postnikov tower in a triangulated 
category several times (cf. §IV2 of [GeM03j)). 

Definition 1.1.5. Let C be a triangulated category. 
1. Let I < me Z. 
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We will call a bounded Postnikov tower for X G ObjC_ the following data: 
a sequence of (7-morphisms (0 —)Yi — >■ Y[ + i — > • • ■ — > Y m = X along with 
distinguished triangles 

Y -)■ y i+1 -> X, (2) 

for some Xj G ObjC_; here I < i < m. 

2. An unbounded Postnikov tower for X is a collection of Yj for % G Z that 
is equipped (for all i 6 Z) with: connecting arrows Yj — » Y i+1 (for z G Z), 
morphisms Yj — >• X such that all the corresponding triangles commute, and 
distinguished triangles ([2]). 

In both cases, we will denote X_ p [p] by X p ; we will call X p the factors of 
out Postnikov tower. 

Remark 1.1.6. 1. Composing (and shifting) arrows from triangles ([2]) for two 
subsequent i one can construct a complex whose terms are X p (it is easily 
seen that this is a complex indeed, cf. Proposition 2.2.2 of [Bon07j). This 
observation will be important for us below when we will consider certain 
weight complex functors. 

2. Certainly, a bounded Postnikov tower could be easily completed to an 
unbounded one. For example, one could take Yj = for i < I, Yi = X for 
% > m; then X % = if i < I or i > m. 

Lastly, we recall the following (well-known) result. 

Proposition 1.1.7. For any small abelian category A there exists an exact 
faithful functor A — > Ab. 

Proof. By the Freyd- Mitchell's embedding theorem, any small A could be 
fully faithfully embedded into R — mod for some (associative unital) ring R. 
It remains to apply the forgetful functor R — mod — > Ab. □ 

Remark 1.1.8. 1. We will need this statement below in order to assume that 
objects of A 'have elements'; this will considerably simplify diagram chase. 
Note that we can assume the existence of elements for a not necessarily small 
A in the case when a reasoning deals only with a finite number of objects of 
A at a time. 

2. In the proof it suffices to have a faithful embedding A — > R — mod; 
this weaker assertion was also proved by Mitchell. 
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1.2 Extending cohomological functors from a triangu- 
lated subcategory 

We describe a method for extending cohomological functors from a full trian- 
gulated C' C C_ to C_ (after H. Krause). Note that below we will apply some 
of the results of |KraOOJ in the dual form. The construction requires C? to 
be skeletally small i.e. there should exist a (proper) subset D C ObjCf such 
that any object of C_' is isomorphic to some element of D. For simplicity, 
we will sometimes (when writing sums over Obj(T) assume that ObjCT is a 
set itself. Since the distinction between small and skeletally small categories 
will not affect our arguments and results, we will ignore it in the rest of the 
paper. 

If A is an abelian category, then AddFun((2' op ,A) is abelian also; com- 
plexes in it are exact whenever they are exact componentwisely. 

Suppose that A satisfies AB5 i.e. it is closed with respect to all small 
coproducts, and filtered direct limits of exact sequences in A are exact. 

Let H' G AddFun(£7 /op , A) be an additive functor (it will usually be co- 
homological) . 

Proposition 1.2.1. I Let A, H' be fixed. 

1. There exists an extension of H' to an additive functor H : C_ — >■ A. 
It is cohomological whenever H is. The correspondence H' — >■ H defines an 
additive functor AddFun((7 /op , A) AddFun((2° p , A). 

2. Moreover, suppose that in C_ we have a projective system Xi, I G L, 
equipped with a compatible system of morphisms X — > X[, such that the latter 
system for any Y G ObjC^ induces an isomorphism C_(X, Y) = lim C_(Xi, Y) . 
Then we have H(X) = lim H{Xi) . 

II Let X G ObjC be fixed. 

1. One can choose a family of Xi G ObjC_ and f] G C_{X,Xj) such that 
(fi) induce a surjection (§)H'(Xi) — » H(X) for any H',A, and H as in 
assertion II. 

2. Let F' 4 G' H' be a (three-term) complex in AddFun(C /op , A) that 
is exact in the middle; suppose that H' is cohomological. Then the complex 

F 4 G A H (here F, G, H, f, g are the corresponding extensions) is exact in 
the middle also. 

Proof. II. Following §1.2 of [KraOOj (and dualizing it), we consider the 
abelian category C = C'* = AddFun(C', Ab) (this is Mod C ,op in the nota- 
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tion of Krause). The definition easily implies that direct limits in C are ex- 
actly componentwise direct limits of functors. We have the Yoneda's functor 
•/ . qop_^ c that sendg x e 0b j£ tQ the functor x * = (Y i-> C(X, Y),Y e 

ObjC^); it is obviously cohomological. We denote by i the restriction of i' to 
Q[ (i is opposite to a full embedding). 

By Lemma 2.2 of |KraOO] (applied to the category Q^ op ) we obtain that 
there exists an exact functor G : C — > A that preserves all small coproducts 
and satisfies G o i = H' . It is constructed in the following way: if for X G 
ObjC_ we have an exact sequence (in C) 

0i;^0i^i^o (3) 

jgj leL 
for Xj, Xi G C, then we set 

G(X) = Coker H'(X,) H'{X l ). (4) 

jeJ leL 

We define = G o i'; it was proved in loc.cit. that we obtain a well- 
defined functor this way. As was also proved in loc.cit., the correspondence 
H' (->■ H yields a functor; H is cohomological if H' is. 

2. The proof of loc.cit. shows (and mentions) that G respects (small) 
filtered inverse limits. Now note that our assertions imply: X* = lim X* in 
C. 

II 1. This is immediate from (j3J). 

2. Note that the assertion is obviously valid if X G ObjC^. We reduce 
the general statement to this case. 

Applying Yoneda's lemma to ([3]) is we obtain (canonically) some mor- 
phisms fi : X — >■ Xi for all / G L and : X\ — >■ Xj for all I £ L, j E. J, such 
that: for any / G L almost all gij are 0; for any j G J almost all gy is 0; for 
any j G J we have X^gL gfj °/ » = °- 

Now, by Proposition ll.l.7[ we may assume that A = Ab (see Remark 
11.1. 8p . We should check: if for a G G(X) we have g*(a) = 0, then a = 
for some 6 G F(X). 

Using additivity of (7' and C, we can gather finite sets of X; and Xj 
into single objects. Hence we can assume that a = G(fi )(c) for some c G 
G(X/) (= G"(X)), l eL and that #*(c) G H(g lojo )(H(X jo )) for some j e J, 
whereas gi j o f lo = 0. We complete Xi — > Xj to a distinguished triangle 

Y A X/ 9l -H° Xj ; we can assume that B G ObjC^. We obtain that /; could 
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be presented as a o /3 for some (3 G C_(X,Y). Since H' is cohomological, 
we obtain that H(a)(g*(c)) = 0. Since Y G ObjC_, the complex F(Y) — > 
G(Y) H{Y) is exact in the middle; hence G(a)(c) = f*(d) for some 
deFiY). Then we can take b = F(/3)(d). 

□ 

1.3 Some definitions of Voevodsky: reminder 

We use much notation from |Voe0 0aj. We recall (some of) it here for the 
convenience of the reader, and introduce some notation of our own. 

Var D SmVar D SmPrVar will denote the class of all varieties over k, 
resp. of smooth varieties, resp. of smooth projective varieties. 

We recall that for categories of geometric origin (in particular, for SmCor 
defined below) the addition of objects is defined via the disjoint union of 
varieties operation. 

We define the category SmCor of smooth correspondences. ObjSmCor = 
SmVar, SmCor(X,Y) = for all integral closed U G X x Y that are 

finite over X and dominant over a connected component of X; the composi- 
tion of correspondences is defined in the usual way via intersections (yet, we 
do not need to consider correspondences up to an equivalence relation). 

We will write •••—>• X^ 1 ->■ X 1 — >■ X i+1 for X 1 G SmVar, for the 

corresponding complex over SmCor. 

PreShv(SmCor) will denote the (abelian) category of additive cofunctors 
SmCor Ab; its objects are usually called presheaves with transfers. 

Shv(SmCor) = Shv(SmCor) Nis C PreShv(SmCor) is the abelian cat- 
egory of additive cofunctors SmCor — > Ab that are sheaves in the Nisnevich 
topology (when restricted to the category of smooth varieties); these sheaves 
are usually called sheaves with transfers. 

(S hv (SmCor)) will be the bounded above derived category of Shv(SmCor). 

For Y G SmVar (more generally, for Y G Var, see §4.1 of |Voe00a] ) we 
consider L(Y) = SmCor(—,Y) G Shv(SmCor). For a bounded complex 
X = (X 1 ) (as above) we will denote by L(X) the complex •••—)■ L(X l ~ l ) — > 
L(X l ) ->• L(X l+1 ) —)■••• G C b (Shv(SmCor)). 

S G Shv(SmCor) is called homotopy invariant if for any X G SmVar 
the projection A 1 x X — )■ X gives an isomorphism S(X) — > S^A 1 x X). We 
will denote the category of homotopy invariant sheaves (with transfers) by 
HI; it is an exact abelian subcategory of SmCor by Proposition 3.1.13 of 
jVoeOOaj . 
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DM_ i c D~ (Shv(SmCor)) is the full subcategory of complexes whose 
cohomology sheaves are homotopy invariant; it is triangulated by loc.cit. We 
will need the homotopy t-structure on DM e J' : it is the restriction of the 
canonical t-structure on D~ (Shv{SmC or)) to DM e J^ . Below (when dealing 
with DM e _l^) we will denote it by just by t. We have Ht = HI. 

We recall the following results of |Voe00a . 

Proposition 1.3.1. 1. There exists an exact functor RC : D~(Shv(SmCor)) — > 
DM e _l^ right adjoint to the embedding DM e J^ — > D~(Shv(SmCor)). 

2. DMt ff (M gm (Y)[-i}, F) = B i (F)(Y) (the i-th Nisnevich hypercoho- 
mology of F computed inY) for any Y £ SmVar. 

3. Denote RCoL by M gm . Then the corresponding functor K b [SmC or) — > 
DM e J^ could be described as a certain localization of K b {SmCor). 

Proof. See §3 of jVoeOOaj . □ 

Remark 1.3.2. 1. In |Voe0 0aj (Definition 2.1.1) the triangulated category 
DMgll (of effective geometric motives) was defined as the idempotent com- 
pletion of a certain localization of K b (SmCor). This definition is compatible 
with a differential graded enhancement for DMgff; cf. §5.31 below. Yet in 
Theorem 3.2.6 of |Voe00a] it was shown that DM e g ll is isomorphic to the 
idempotent completion of (the categorical image) M gm (C b (SmCor)); this 
description of DMgff will be sufficient for us till 

2. In fact, RC could be described in terms of so-called Suslin complexes 
(see loc.cit.). We will not need this below. Instead, we will just note that 
RC sends D-(Shv(SmCor))^° to DMt fft -°. 

1.4 Some properties of Tate twists 

Tate twisting in DM e J s D DMffl is given by tensoring by the object Z(l) 
(it is often denoted just by —(1)). Tate twist has several descriptions and 
nice properties. We will only need a few of them; our main source is §3.2 of 
|Voe00aj ; a more detailed exposition could be found in |MVW06] (see §§8-9). 

In order to calculate the tensor product of X, Y £ ObjDM e J^ one should 
take any preimages X',Y' of X, Y in ObjD~(Shv(SmCor)) with respect to 
RC (for example, one could take X' — X, Y' — Y); next one should resolve 
X, Y by direct sums of L(Zi) for Zi £ SmVar; lastly one should tensor these 
resolutions using the identity L(Z) (g) L(T) = L(Z x T) for Z, T £ SmVar, 
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and apply RC to the result. This tensor product is compatible with the 
natural tensor product for K b (SmCor). 

We note that any object D^(Shv(SmCor)) t ~° has a resolution concen- 
trated in negative degrees (the canonical resolution of the beginning of §3.2 
of [VoeOOaj ). It follows that DM e J ft -°®DM e J ft -° C DM e J ft -° (see Remark 
11.3.2( 2); in fact, there is an equality since Z G ObjHI). 

Next, we denote A 1 \ {0} by G m . The morphisms pt —> G m — > pt (the 
point is mapped to 1 in G m ) induce a splitting M gm (G m ) = Z © Z(l)[l] 
for a certain (Tate) motif Z(l); see Definition 3.1 of |MVW06j . For X G 
ObjDMt ff we denote X ® Z(l) by X(l). 

One could also present Z(l) as Cone(p£ — > G m )[— 1]; hence the Tate twist 
functor X i— )■ X(l) is compatible with the functor — £g> (Cone(pt — >■ G m )[— 1]) 
on C\SmCor) via M 9m . We also obtain that DM e J ft -°(l) C DM e J St - 1 . 

Now we define certain twists for functors. 

Definition 1.4.1. For an G G AddFun(DM^, Ab), n > 0, we define 
G_ n (I) = G(I(ti)[n]). 

Note that this definition is compatible with those of §3.1 of [VoeOObJ. In- 
deed, forX G SmVar we have G^(M gm (X)) = G(M gm (XxG m ))/G(M gm (X)) = 
Ker(G(M gm (X x G m )) — > G(M gm (X))) (with respect to natural morphisms 
X x pt — > X x G m ->Xxj)t); G- n for larger n could be defined by iterating 
— -i- 

Below we will extend this definition to (co) motives of pro-schemes. 
For F G ObjDMl ff we will denote by the functor X ^ DMl ff (X, F) : 
DMfJ A6. 

Proposition 1.4.2. Let X G SmVar, n > 0, i G Z. 

1. For any F G ObjDM e J f we have: F,_ n {M gm {X)[-i}) is a retract of 
W(F)(X x G^ n ) (which can be described explicitly). 

2. There exists a t- exact functor T n : DM e _l^ — » DM e _l^ such that for any 
F G ObjDMt ff we have F*_ n = (T„(F))*. 

Proof. 1. Proposition 11.3.11 along with our description of Z(l) yields the 
result. 

2. For F represented by a complex of F* G ObjShv(SmCor) {i G Z) 
we define T n (F) as the complex of T n (F*), where T n : PreShv(SmCor) — > 
PreShv(SmCor) is defined similarly to — _ n in Definition 11.4.11 T n (F l ) are 
sheaves since T n (Fj)(X), X G SmVar, is a functorial retract of Fj(Jf x G^J. 
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In order to check that we actually obtain a well-defined a t-exact functor 
this way, it suffices to note that the restriction of T n to Shv(SmCor) is an 
exact functor by Proposition 3.4.3 of |Deg08a|. 

Now, it suffices to check that T n defined satisfies the assertion for n — 1. 
In this case the statement follows easily from Proposition 4.34 of |Voe 00bj 
(note that it is not important whether we consider Zariski or Nisnevich topol- 
ogy by Theorem 5.7 of ibid.). 

□ 

1.5 Pro-motives vs. comotives; the description of our 
strategy 

Below we will embed DM e g ll into a certain triangulated category 2) of como- 
tives. Its construction (and computations in it) is rather complicated; in fact, 
the author is not sure whether the main properties of D (described below) 
specify it up to an isomorphism. So, before working with co-motives we will 
(following F. Deglise) describe a simpler category of pro-motives. The latter 
is not needed for our main results (so the reader may skip this subsection); 
yet the comparison of the categories mentioned would clarify the nature of 
our methods. 

Following §3.1 of |Deg08a|, we define the category l J) naive as the additive 
category of naive i.e. formal (filtered) pro-objects of DM^H . This means 
that for any X : L -> DM^ f , Y : J DM e JJ we define 

a)~*»(Jm jg£ X U Hm jeJ Yj) = ^n jeJ (l^ leL DM$(X h Yj)). (5) 

The main disadvantage of ^) naive is that it is not triangulated. Still, one 
has the obvious shift for it; following Deglise, one can define pro-distinguished 
triangles as (filtered) inverse limits of distinguished triangles in DM^fJ . This 
allows to construct a certain motivic coniveau exact couple for a motif of a 
smooth variety in §4.2 of [Deg08b| (see also §5.3 of |Deg08aj). This construc- 
tion is parallel to the classical construction of coniveau spectral sequences 
(see §1 of |CHK97] ). One starts with certain 'geometric' Postnikov towers in 
DMgK (Deglise calls them triangulated exact couples). For Z G SmVar we 
consider nitrations = Z^+i C C Z^-i C • • • C Zq — Z\ Zi is everywhere 
of codimension > i in Z for all i. Then we have a system of distinguished 
triangles relating M gm (Z\Zi) and M gm [Z\Zi — > Z\Zi + \); this yields a Post- 
nikov tower. Then one passes to the inverse limit of these towers in f jQ naive 
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(here the connecting morphisms are induced by the corresponding open em- 
beddings). Lastly, the functorial form of the Gysin distinguished triangle for 
motives allows Deglise to identify X, = l^m(M gm (Z\Zi — y Z\Zi + \)) with the 
product of shifted Tate twists of pro-motives of all points of Z of codimension 
i. Using the results of see §5.2 of |Deg08a| (the relation of pro-motives with 
cycle modules of M. Rost, see [Ros96j) one can also compute the morphisms 
that connect X 1 with X l+1 . 

Next, for any cohomological H : DM^ — y A, where A is an abelian 
category satisfying AB5, one can extend H to r £> naive via the corresponding 
direct limits. Applying H to the motivic coniveau exact couple one gets the 
classical coniveau spectral sequence (that converges to the if-cohomology of 
Z). This allows to extend the seminal results of §6 of |BUg94 to a compre- 
hensive description of the coniveau spectral sequence in the case when H is 
represented by Y G ObjDM^?^ (in terms of the homotopy ^truncations of 
Y; see Theorem 6.4 of |Deg09|). 

Now suppose that one wants to apply a similar procedure for an arbitrary 
X G ObjDMjjff; say, X = M gm (Z x A Z 2 ) for Z X ,Z 2 G SmVar, f G 
SmCor(Z l , Z ). One would expect that the desired exact couple for X 
could be constructed from those for Z\ j = 1,2. This is indeed the case 
when / satisfies certain codimension restrictions; cf. §7.4 of [BonOTj. Yet for 



a general / it seems to be quite difficult to relate the nitrations of distinct 
Z J (by the corresponding Z\\ On the other hand, the formalism of weight 
structures and weight spectral sequences (developed in |Bon07] ) allows to 
'glue' certain weight Postnikov towers for objects of a triangulated categories 
equipped with a weight structure; see Remark 14.1.2( 3) below. 

So, we construct a certain triangulated category Q that is somewhat 
similar to X) name . Certainly, we want distinguished triangles in D to be com- 
patible with inverse limits that come from 'geometry'. A well-known recipe 
for this is: one should consider some category D' where (certain) cones of 
morphisms are functorial and pass to (inverse) limits in £>'; D should be a 
localization of D' . In fact, D' constructed in §5.31 below could be endowed 
with a certain (Quillen) model structure such that D is its homotopy cate- 
gory. We will never use this fact below; yet we will sometimes call inverse 
limits coming from D' homotopy limits (in D). 

Now, in Proposition 14.3. ll below we will prove that cohomological functors 
H : DMgff — y A could be extended to D in a way that is compatible with 
homotopy limits (those coming from 2)'). So one may say that objects of D 
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have the same cohomology as those of l J) nmve , On the other hand, we have 
to pay the price for D being triangulated: §5§ does not compute morphisms 
between homotopy limits in D. The 'difference' could be described in terms 
of certain higher projective limits (of the corresponding morphism groups in 
DM eff ). 

Unfortunately, the author does not know how to control the corresponding 
lint 2 (and higher ones) in the general case; this does not allow to construct 
a weight structure on a sufficiently large triangulated subcategory of 2) if k 
is uncountable (yet see §6.5[ especially the last paragraph of it). In the case 
of a countable k only hjn 1 is non-zero. In this case the morphisms between 
homotopy limits in 2) are expressed by the formula (1281) below. This allows 
to prove that there are no morphisms of positive degrees between certain 
Tate twists of the comotives of function fields (over k). This immediately 
yields that one can construct a certain weight structure on the triangulated 
subcategory D s of D generated by products of Tate twists of the comotives 
of function fields (in fact, we also idempotent complete D s ). Now, in order 
to prove that D s contains DM e g ll it suffices to prove that the motif of any 
smooth variety X belongs to D s . To this end it clearly suffices to decompose 
M gm (X) into a Postnikov tower whose factors are products of Tate twists of 
the comotives of function fields. So, we lift the motivic coniveau exact couple 
(constructed in |Deg08b|) from '£> naive to D. Since cones in D' are compatible 
with inverse limits, we can construct a tower whose terms are the homotopy 
limits of the corresponding terms of the geometric towers mentioned. In fact, 
this could be done for an uncountable k also; the difficulty is to identify the 
analogues of Xi in D. If k is countable, the homotopy limits corresponding 
to our tower are countable also. Hence (by an easy well-known result) the 
isomorphism classes of these homotopy limits could be computed in terms 
of the corresponding objects and morphisms in DM e g ll . This means: it 
suffices to compute X 1 in , J) naive (as was done in |Deg08b|); this yields the 
result needed. Note that we cannot (completely) compute the 2)-morphisms 
X 1 — > X l+1 ; yet we know how they act on cohomology. 

The most interesting application of the results described is the following 
one. We prove that there are no positive 2)-morphisms between (certain) Tate 
twists of the comotives of smooth semi-local schemes (or primitive schemes, 
see below); this generalizes the corresponding result for function fields. It 
follows that these twists belong to the heart of the weight structure on D s 
mentioned. Therefore the comotives of (connected) primitive schemes are 
retracts of the comotives of their generic points. Hence the same is true for 
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the cohomology of the comotives mentioned and also for the corresponding 
pro-motives. Also, the comotif of a function field contains as retracts the 
twisted comotives of its residue fields (for all geometric valuations); this also 
implies the corresponding results for cohomology and pro-motives. 

Remark 1.5.1. In fact, Deglise mostly considers pro-objects for Voevodsky's 
DM gm and of DMj^ J ; yet the distinctions are not important since the full 
embeddings DMjM DM gm and DMffl -> DM e J } obviously extend to full 
embedding of the corresponding categories of pro-objects. Still, the embed- 
dings mentioned allow Deglise to extend several nice results for Voevodsky's 
motives to pro-motives. 

2. One of the advantages of the results of Deglise is that he never requires 
k to be countable. Besides, our construction of weight Postnikov towers men- 
tioned heavily relies on the functoriality of the Gysin distinguished triangle 
for motives (proved in |Deg08b|; see also Proposition 2.4.5 of |Deg08a| ). 



2 Weight structures: reminder, truncations, weight 
spectral sequences, and duality with ^-structures 

In §2.11 we recall basic definitions of the theory of weight structures (it 
was developed in |Bon07] ; the concept was also independently introduced 
in |Pau08| ). Note here that weight structures (usually denoted by w) are 
natural counterparts of t-structures. Weight structures yield weight trunca- 
tions; those (vastly) generalize stupid truncations in K{B): in particular, 
they are not canonical, yet any morphism of objects could be extended (non- 
canonically) to a morphism of their weight truncations. We recall several 
properties of weight structures in §2.21 

We recall virtual t-truncations for a (cohomological) functor H : C—> A 
(for C_ endowed with a weight structure) in §2.31 (these truncations are defined 
in terms of weight truncations). Virtual t-truncations were introduced in §2.5 
of |Bon07] ; they yield a way to present H (canonically) as an extension of 
a cohomological functor that is positive in a certain sense by a 'negative' 
one (as if H belonged to some triangulated category of functors C_ — > A 
endowed with a t-structure). We study this notion further here, and prove 
that virtual t-truncations for a cohomological H could be characterized up to 
a unique isomorphism by their properties (see Theorem l2.3.1( III4)). In order 
to give some characterization also for the 'dimension shift' (connecting the 
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positive and the negative virtual t-truncations of H), we introduce the notion 
of a nice (strongly exact) complex of functors. We prove that complexes of 
representable functors coming from distinguished triangles in C_ are nice, 
as well as those complexes that could be obtained from nice strongly exact 
complexes of functors C' — > A for some small triangulated (J C C_ (via the 
extension procedure given by Proposition 11.2.1"]) . 

In §2.41 we consider weight spectral sequences (introduced in §§2.3-2.4 of 
|Bon07j ). We prove that the derived exact couple for the weight spectral 
sequence T(H) (for H : G_ — >■ A) could be naturally described in terms 
of virtual t-truncations of H. So, one can express T(H) starting from E 2 
(as well as the corresponding filtration of H*) in these terms also. This is 
an important result, since the basic definition of T(H) is given in terms of 
weight Postnikov towers for objects of C, whereas the latter are not canonical. 
In particular, this result yields canonical functorial spectral sequences in 
classical situations (considered by Deligne; cf. Remark 2.4.3 of |Bon07] ; note 
that we do not need rational coefficients here). 

In §2.5l we introduce the definition a (nice) duality $ : C_ op x D_—± A, and 
of (left) orthogonal weight and t-structures (with respect to $). The latter 
definition generalizes the notion of adjacent structures introduced in §4.4 of 
|Bon07j (this is the case C = D, A = Ab, $ = C(—, )). If w is orthogonal 
to t then the virtual i-truncations (corresponding to w) of functors of the 
type $(— ,Y), Y G ObjD_, are exactly the functors 'represented via $' by 
the actual t-truncations of Y (corresponding to t). We also prove that (nice) 
dualities could be extended from C' to C_ (using Proposition 11.2.1*]) . Note 
here that (to the knowledge of the author) this paper is the first one which 
considers 'pairings' of triangulated categories. 

In §2.61 we prove: if w and t are orthogonal with respect to a nice duality, 
the weight spectral sequence converging to <&(X,Y) (for X G ObjC_, Y G 
ObjD) is naturally isomorphic (starting from E 2 ) to the one coming from 
t-truncations of Y . Moreover even when the duality is not nice, all E^ q 
for r > 2 and the nitrations corresponding to these spectral sequences are 
still canonically isomorphic. Here niceness of a duality (defined in §2.5[) 
is a somewhat technical condition (defined in terms of nice complexes of 
functors). Niceness generalizes to pairings (C_ x Z) — > A) the axiom TR3 (of 
triangulated categories: any commutative square in C_ could be completed 
to a morphism of distinguished triangles; note that this axiom could be 
described in terms of the functor Q_{— , — ) : C_x C_ —t- Ab). We also discuss 
some alternatives and predecessors of our methods and results. 
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In §2.71 we compare weight decompositions, virtual t-truncations, and 
weight spectral sequences corresponding to distinct weight structures (in pos- 
sibly distinct triangulated categories, connected by an exact functor). 



2.1 Weight structures: basic definitions 



We recall the definition of a weight structure (see [BonC^; in [Pau08j D. 



Pauksztello introduced weight structures independently and called them co- 
t-structures) . 

Definition 2.1.1 (Definition of a weight structure). A pair of subclasses 
qw<o^qw>q ObjQ for a triangulated category C_ will be said to define a 
weight structure w for C_ if they satisfy the following conditions: 

(i) Cy , cy~° are additive and Karoubi-closed (i.e. contain all retracts 
of their objects that belong to ObjC_). 

(ii) "Semi-invariance" with respect to translations. 

(iii) Orthogonality. 

£iw>0 £jw< ^ -j^ J 

(iv) Weight decomposition. 

For any X G ObjC_ there exists a distinguished triangle 

B[-1]^X^A^B (6) 
such that A G C w -°, B G C w ^°. 

A simple example of a category with a weight structure is K(B) for any 
additive B: positive objects are complexes that are homotopy equivalent to 
those concentrated in positive degrees; negative objects are complexes that 
are homotopy equivalent to those concentrated in negative degrees. Here one 
could also consider the subcategories of complexes that are bounded from 
above, below, or from both sides. 

The triangle ([6]) will be called a weight decomposition of X. A weight 
decomposition is (almost) never unique; still we will sometimes denote any 
pair (A, B) as in by X w -° and X w - X . Besides, we will call objects of the 
type (X[i]) w ^°[j] and (X\i}) w ^°[j} (for i,j E Z) weight truncations of X. A 
shift of the distinguished triangle ([6]) by [i] for any i G Z, X G ObjC_ (as well 
as any its rotation) will sometimes be called a shifted weight decomposition. 
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In K(B) (shifted) weight decompositions come from stupid truncations 
of complexes. 

We will also need the following definitions and notation. 
Definition 2.1.2. Let X E ObjC. 

1. The category Hw C C whose objects are C w=0 = C w -° n C w -°, 
Hw(Z, T) = C(Z,T) for Z,T E C w=0 , will be called the heart of the 
weight structure w. 

2. C w ^ 1 (resp. C w ^\ resp. C w=l ) will denote C w ^°[-l] (resp. C w, ^°[-Z], 
resp. C w=0 [-l]). 

3. We denote C™" n C w ^ by 

4. X w ^ 1 (resp. will denote (X[l)) w ^° (resp. (X[/ - l])^ 1 ). 

5. w<iX (resp. w^X) will denote X w ^[-i\ (resp. X^[-z]). 

6. w will be called non-degenerate if 

n,^' = n£ w ^ = {o}. 

7. We consider C fe = (U ieZ C w - 1 ) D (U^C^) and call it the class of 
bounded objects of (7. 

For I 6 C s we will usually take w<jX = for i small enough, w >iX = 
for i large enough. 

We will also denote by (7 b the corresponding full subcategory of C_. 

8. We will say that (C, w) is bounded if C b = C. 

9. We will call a Postnikov tower for X (see Definition 11.1 . 5[) a weight 
Postnikov tower if all Y% are some choices for w>i_jJ. In this case we 
will call the complex whose terms are X p (see Remark II. 1.6ft a weight 
complex for X. 

We will call a weight Postnikov tower for X negative if X E Q™< G an( j 
we choose w>jX to be for all j > here. 
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10. D C ObjC_ will be called extension-stable if for any distinguished tri- 
angle A -> B -> C in C we have: A,CgD B e D. 

We will also say that the corresponding full subcategory is extension- 
stable. 

11. D C ObjC_ will be called negative if for any i > we have D _L Z)[i] . 

Remark 2.1.3. 1. One could also dualize our definition of a weight Postnikov 
tower i.e. build a tower from w<iX instead of w>iX. Our definition of a 
weight Postnikov tower is more convenient for our purposes since in §3.61 
below we will consider Yi = j{Z$ \ Zj) instead of = j(Zq \ Zi — > Zq)[—1]. 
Yet this does not make much difference; see §1.5 of |Bon07] and Theorem 
l2.2.Hfl2l below. In particular, our definition of the weight complex for X 
coincides with Definition 2.2.1 of ibid. Note also, that Definition 1.5.8 of ibid 
(of a weight Postnikov tower) contained both 'our' part of the data and the 
dual part. 

2. Weight Postnikov towers for objects of C_ are far from being unique; 
their morphisms (provided by Theorem !2.2.1l(TT5"i) below) are not unique also 
(cf. Remark 1.5.9 of |Bon07] ). Yet the corresponding weight spectral se- 
quences for cohomology are unique and functorial starting from E^; see The- 
orem 2.4.2 of ibid, and Theorem 12.4.21 below for more detail. In particular, 
all possible choices of a weight complex for X are homotopy equivalent (see 
Theorem 3.2.2(11) and Remark 3.1.7(3) in |Bon07j ). 



2.2 Basic properties of weight structures 

Now we list some basic properties of notions defined. In the theorem below 
we will assume that C_ is endowed with a fixed weight structure w everywhere 
except in assertions [TBI - 1201 

Theorem 2.2.1. 1. The axiomatics of weight structures is self-dual: if 
ID = C_ op (so OhjC_ = ObjD_) then one can define the (opposite) weight 
structure w' on D by taking D w '-° = C w ^° and D_ w '-° = C w ^°. 

2. We have 

£iw<0 £jiw>l_L 

and 
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3. For any i G Z ; X G ObjC_ we have a distinguished triangle w>i + \X — >■ 
X — > w<jX (given by a shifted weight decomposition). 

4. C w ^°, C w ^°, andC w=0 are extension- stable. 

5. All Q_ w - 1 are closed with respect to arbitrary (small) direct products 
(those, which exist in C_); all C_ w - 1 and C_ w=l are additive. 



6. For any weight decomposition of X G C_ 



w>0 



(see fifty) we have A G 



7. // A — ^ B — > C — »■ A[l] is a distinguished triangle and A,C G C w °, 
then B = A@C. 

8. If we have a distinguished triangle A — > B — > C for B G Q_ w=0 , C G 
C w -^ then A SB©C[-1], 
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9. IfX G C w -\ X[-l] A B is a weight decomposition (of X[-l]), 
then B G C w=0 ; B = A® X . 

10. Let I < m G Z, X, X' G ObjC_; let weight decompositions of X[m] and 
X'[l] be fixed. Then any morphism g : X — > X' can be completed to a 
morphism of distinguished triangles 



w >m+1 X 



w>i+iX' 



->■ X 



6 



(9) 



27ms completion is unique if I < m. 

11. Consider some completion of a commutative triangle w> m+ \X — > w>i + \X 
X (that is uniquely determined by the morphisms w> m+ iX — > X and 
w>i + iX — > X coming from the corresponding shifted weight decomposi- 
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Hons; see the previous assertion) to an octahedral diagram: 




[i] w> i+1 X 




Then W[i + x j7n ]X G cj- l + 1 M- a \\ fo e distinguished triangles of this octa- 
hedron are shifted weight decompositions. 

12. ForX, X' G ObjC, I, I', m, w! G Z, I < m, V <m',l> V , m > m! , con- 
sider two octahedral diagrams: / T7T]) and a similar one corresponding to 
the commutative triangle w> m+ iX — > w>i + iX — > X and u7> m / +1 X' — > 
w>i> + iX — > X (i.e. we fix some choices of these diagrams). Then any 
g G C_(X, X') could be uniquely extended to a morphism of these di- 
agrams. The corresponding morphism h : W[i + i yin ]X — > W[i'+x jm i]X' is 
characterized uniquely by any of the following conditions: 

(i) there exists a C_-morphism i that makes the squares 

w>i +1 X > X 

i 9 (10) 

w> v+1 X' > X' 

and 

w> i+1 X > W[i +1;m ]X 

h (11) 

W>i' + \X' > W[i' + i tm ']X' 
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commutative. 

(ii) there exists a C_-morphism j that makes the squares 

X > w< m X 

9 j (12) 

X' > w< m iX' 

and 

X > w <m X 

h 3 

X' y w <m 'X' 

commutative. 

13. For any choice of w>iX there exists a weight Postnikov tower for X 
(see Definition \2.1.0$ W). For any weight Postnikov tower we have 
Cone(F J — )• X) G Q_ w ^ 1 ; X 1 G C w=0 . 

14- Conversely, any bounded Postnikov tower (for X) with X 1 G Q_ w=0 is a 
weight Postnikov tower for it. 

15. For X, X' G ObjC_ and arbitrary weight Postnikov towers for them, any 
g G C_(X,X') can be extended to a morphism of Postnikov towers (i.e. 
there exist morphisms Y{ — > Y/, X % — > X h , such that the corresponding 
squares commute). 

16. For X,X' G C w -°, suppose that f G C(X,X') can be extended to a 
morphism of (some of) their negative Postnikov towers that establishes 
an isomorphism X° — > X'°. Suppose also that X' G Q_ w=0 . Then f 
yields a projection of X onto X' (i.e. X' is a retract of X via f). 

17. is a Karoubi-closed triangulated subcategory of C_. w induces a non- 
degenerate weight structure for it, whose heart equals Hw . 

18. For a triangulated idempotent complete C_ let D C ObjC_ be negative. 
Then there exists a unique weight structure w on the Karoubization T 
of (D) in C_ such that D C T w=0 . Its heart is the Karoubization of the 
closure of D in C_ with respect to (finite ) direct sums. 



(13) 
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19. For the weight structure mentioned in the previous assertion, T w -° is 
the Karoubization of the smallest extension- stable subclass ofObjC_ con- 
taining \Ji>oD[i]; T w -° is the Karoubization of the smallest extension- 
stable subclass of ObjC_ containing Ui<oD[i]. 

20. For the weight structure mentioned in two previous assertions we also 
have 

= {Ui<»D[7\) L - = ± {U l> ,D\i}). 

Proof. 1. Obvious; cf. Remark |1.1.3l of [Bon07j (and Remark 1.1.2 of ibid, 
for more detail). 

2. These are parts 1 and 2 of Proposition 1.3.3 of ibid. 

3. Obvious (since [i] is exact up to change of signs of morphisms); cf. 
Remark 1.2.2 of ibid. 

4. This is part 3 of Proposition 1.3.3 of ibid. 

5. Obvious from the definition and parts 4 of loc.cit. 

6. This is part 6 of Proposition 1.3.3 of ibid. 

7. This is part 7 of loc.cit. 

8. It suffices to note that C_(B, C) = 0, hence the triangle splits. 

9. This is part 8 of loc.cit. 

10. This is Lemma 1.5.1 of ibid. 

11. The only non-trivial statement here is that w\i + i jTn ]X G C} l+1 ' m ' (it 
easily implies: the left hand side of the lower cap in (II ip also yields 
a shifted weight decomposition). ( Ilip yields distinguished triangles: 
Tx = (w>i + iX ->■ W[t +1>m ]X -> w> m+ xX[l}) and T 2 = {w<iX -> 
tU[l+i >m ]X[l] — » w< m X[l]). Hence assertion H] yields the result. 

12. By assertion (TUJ g extends uniquely to a morphism of the following 
distinguished triangles: from T3 = (w> m+ xX — >■ X — > w< m X) to T3 = 
(w> m r + xX' X' —>• w< m 'X), and from T 4 = (w>i + xX — > X — > w<iX) 
to T4 = (w>i' + xX' — > X' — > w<i/X); next we also obtain a unique 
morphism from Tx (as defined in the proof of the previous assertion) 
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to its analogue T[. Putting all of this together: we obtain unique 
morphisms of all of the vertices of our octahedra, which are compatible 
with all the edges of the octahedra expect (possibly) those that belong 
to T2 (as defined above). We also obtain that there exists unique i and 
h that complete (fTUj) and (fTTj) to commutative squares. 

Now, the morphism w<iX — > W\i+i jm \X could be decomposed into the 
composition of morphisms belonging to 7\ and T 3 . Hence in order 
to verify that we have actually constructed a morphism of octahedral 
diagrams, it remains to verify the commutativity of the squares 

w< m X > w<iX 

a j (14) 

w< m >X' > w<vX' 

and (Tl3|) i.e. we should check that the two possible compositions of 
arrows for each of the squares are equal. Now, assertion [10] implies: 
the compositions in question for (Ti"4"]) both equal the only morphism q 
that makes the square 

X > w< m X 

9 q 
X' > w< v X' 

commutative. Similarly, the compositions for (1131) both equal the only 
morphism r that makes the square 

w>i + iX ► w [l+hm] X 

r 

X' > W< m >X' 

commutative. Here we use the part of the octahedral axiom that says 
that the square 

w> i+1 X > W[i +hm] X 

X ► w< m X 

is commutative (as well as the corresponding square for (X ; ,1' ,m')). 



34 



Lastly, as we have already noted, the condition (i) characterizes h 
uniquely; for similar (actually, exactly dual) reasons the same is true 
for (ii). Since the morphism W[i+i )rn ]X — > W[i'+i jTn ']X' coming from the 
morphism of the octahedra constructed satisfies both of these condi- 
tions, it is characterized by any of them uniquely. 

13. Immediate from part 2 of (Proposition 1.5.6) of loc.cit (and also from 
assertion ITT]) . 

14. Immediate from Remark 1.5.9(2) of ibid. 

15. Immediate from part 1 (of Remark 1.5.9) of loc.cit. 

16. It suffices to prove that Cone/ G C^-^ 1 . Indeed, then the distin- 
guished triangle X — > X' — > Cone / necessarily splits. 

We complete the commutative triangle X w -~ l — > X""- -1 — > X°(= 
X'°) to an octahedral diagram. Then we obtain Cone / = Cone(X w -^ 1 — > 
X'^" 1 )^]; hence Cone / G C^-" 1 indeed. 

17. This is Proposition 1.3.6 of ibid. 

18. By Theorem 4.3.2(111) of ibid., there exists a unique weight structure 
on (D) such that D C (D) w=0 . Next, Proposition 5.2.2 of ibid, yields 
that w can be extended to the whole T; along with part Theorem 
4.3.2(112) of loc.cit. it also allows to calculate T w=0 in this case. 

19. Immediate from Proposition 5.2.2 of ibid, and the description of (H) w -° 
and (H) w -° in the proof of Theorem 4.3.2(111) of ibid. 

20. If X G T w -° then the orthogonality condition for w immediately yields: 

Y JL X for any Y G U i<0 D[i]. 

Conversely, suppose that for some X G ObjT we have Y _L X for all 

Y G Ui<o-D[i]- Then Y _L X also for all Y belonging to the smallest 
extension-stable subclass of ObjC_ containing Uj<o-D[i]. Hence this is 
also true for all Y G T w - 1 (see the previous assertion). Hence ((7j) yields: 
X G T w -°. We obtain the first part of the assertion. 

The second part of the assertion is dual to the first one (and easy from 
©)■ 

□ 
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Remark 2.2.2. 1. In the notation of assertion ITU] for any a (resp. b) such 
that the left (resp. right) hand square in (jH]) commutes there exists 
some b (resp. some a) that makes (Q a morphism of distinguished 
triangles (this is just axiom TR3 of triangulated categories). Hence for 
/ < m the left (resp. right) hand side of (jUJ) characterizes a (resp. b) 
uniquely. 

2. Assertions [10] and [12] yield mighty tools for proving that a construction 
described in terms of weight decompositions is functorial (in a certain 
sense) . In particular, the proofs of functoriality of weight filtration and 
virtual t-truncations for cohomology (we will consider these notions 
below) in |Bon07] were based on assertion [10] 

Now we explain what kind of functoriality could be obtained using 
assertion loc.cit. Actually, such an argument was already used in the 
proof of assertion [12] 

In the notation of assertion [10] we will say that a and b are compatible 
with g (with respect to the corresponding weight decompositions). Now 
suppose that for some X" G ObjC_, some n < I, g' G C(X',X"), and 
a distinguished triangle w> n+ iX" — > X' — > w< n X' we have morphisms 
a' : w>i + \X' — > w> n+ iX" and b' : w<iX' — » w< n X" compatible with 
g'. Then a' o a and b' o b are compatible with g' o g (with respect to 
the corresponding weight decompositions)! Moreover, if n < m then 
(a' o a, b' o b) is exactly the (unique!) pair of morphisms compatible 
with g' o g. 

3. In the notation of assertion [T21 we will (also) say that h : W\i+i tm ]X — > 
W[i'+i m nX' is compatible with g. Note that h is uniquely characterized 
by (i) (or (ii)) of loc.cit.; hence in order to characterize it uniquely 
it suffices to fix g and all the rows in (fTOj) and (TTTj) (or in ([12]) and 
(TT3"]) ). Besides, we obtain that h is functorial in a certain sense (cf. the 
reasoning above). 

4. Assertion [TT1 immediately implies: for any I < m the class of all possible 
w<iX coincides with the class of possible w<i(w< m X), whereas the class 
of possible w> m X coincides with those of w> m (w>iX) . 

Besides, assertion [TT] also allows to construct weight Postnikov towers 
(cf. §1.5 of |Bon07j ). Hence w^X is just X l [— i] (for any % £ Z, X G 
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ObjC_), and a weight complex for any u^ +1?n ]X can be assumed to be 
the corresponding stupid truncation of the weight complex of X. 

5. Assertions ITUl and IT51 will be generalized in §2.71 below to the situation 
when there are two distinct weight structures; this will also clarify 
the proofs of these statements. Besides, note that our remarks on 
functoriality are also actual for this setting. 

Some of the proofs in §2.71 may also help to understand the concept of 
virtual i-truncations (that we will start to study just now) better. 

2.3 Virtual ^-truncations of (cohomological) functors 

Till the end of the section C will be endowed with a fixed weight structure 
w 'i H : C — > A (A is an abelian category) will be a contravariant (usually, co- 
homological) functor. We will not consider covariant (homological) functors 
here; yet certainly, dualization is absolutely no problem. 

Now we recall the results of §2.5 of [Bon07j and develop the theory further. 

Theorem 2.3.1. Let H : C_ — >■ A be a contravariant junctor, k G Z, j > 0. 

/ The assignments Hi = : X — > lm.(H(w<kX) — > H(w<k + jX)) 
and H2 = : X — > lm(H(w>i~X) — > H(w>k+jX)) define contravariant 
functors C_ — >• A that do not depend (up to a canonical isomorphism) from 
the choice of weight decompositions. We have natural transformations H\ — > 
H^H 2 . 

II Let k' G Z, / > 0. Then there exist the following natural isomorphisms. 

2 (H^)^'^' — fj^^k'k'^^^^+jik'+j')— min(fc,fc') 

3. {H k /) k ^' = (H^')? = lm(H(w [k}k!] X) H(w [k+jM+r] X)) . Here the 
last term is defined using the connection morphism w\k+j,k'+j']X — > W\ k} k']X 
that is compatible with idx in the sense of Remark 1 2. 2. 2^ 3\); the last isomor- 
phism is functorial in the sense described in loc.cit. 

III Let H be cohomological, j = 1; let k be fixed. 

1. Hi (I = 1,2) are also cohomological; the transformations Hi — > H — > 
H 2 extend canonically to a long exact sequence of functors 

> ff 2 o[l]-> H x -> H H 2 ^ ifiof-1]-). ... (15) 

(i.e. the sequence is exact when applied to any X G ObjC_). 
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2. H\ = H whenever H vanishes on C_ w - + . 

3. H = H 2 whenever H vanishes on (J w - k . 

4- Let H' —> H -% H" be a (three-term) complex of functors exact in the 
middle such that: 

(i) H',H" are cohomological. 

(ii) for any X G ObjC_ we have Coker g(X) = Ker/(X[— 1]) (we do not 
fix these isomorphisms). 

(ni) H' vanishes on Q_ w - k+1 ; H" vanishes on C w - k . 

Then H' -4- H is canonically isomorphic to Hi — > H ; H A H" is canon- 
ically isomorphic to H — ^ H 2 . 

Proof. I This is Proposition 2.5.1(1111) of |Bon07] . 

II Easily follows from Theorem 12.2.11 parts [11] and [121 see Remark 12.2.21 
III1. This is Proposition 2.5.1(1112) of |Bon07j . 

2. If H vanishes on CT"- k+l then for any X we have w>k+iX = 0; hence 
if 2 vanishes. Therefore in the long exact sequence ■■•—)■ ^(-^[l]) — > Hy — >• 
H -»> H 2 (X) -»> . . . given by assertion III we have H 2 (X[1]) = = H 2 (X); 
we obtain Hi = H . 

Conversely, suppose that Hi = H. Let X G ObjC_ w - h+1 ; we can as- 
sume that w< k X = 0. Then we have H(X) = H X (X) = lmH(w< k X) ->■ 
H(w< k+ iX)) = 0. 

3. It suffices to apply assertion III to the dual functor (7 op — > v4 op ; note 
that the axiomatics of abelian categories, triangulated categories, and weight 
structures are self-dual (see Remark 11.1.3( 1) and Theorem 12 . 2. 1 KTT] ) ) . 

4. We should check that in the diagram 

H[ Hi 

h 

H' > H 

g and h are isomorphisms. Then g o h^ 1 will yield the first isomorphism 
desired, whereas dualization will yield the remaining half of the statement. 
Now, assertion III2 yields that g in isomorphism. 

Next, for an X G ObjC_ we choose some weight decompositions for X[k] 
and X[k + 1] and consider the diagram 

H"((w< k X)[l\) ► H'(w< k X) — ► H(w< k X) > H"{w< k X) 

1° l b 
H"((w< k+1 X)[l]) > H'(w< k+1 X) H(w< k+1 X) > H"{w< k+1 X). 
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By our assumptions, H"((w< k X)[l)) H"(w< k X) = H"((w< k+1 X)[l)) = 
0; hence I is an isomorphism and m is a monomorphism. Hence the induced 
map Im a — > Im b is an isomorphism; so /i is an isomorphism (since its appli- 
cation to any X € ObjC_ is an isomorphism). 

□ 

Definition 2.3.2. [virtual t-truncations of H] 

Let k, m E Z. For a (co)homological if we will call iff 1 , / = 1, 2, k G Z, 
virtual t-truncations of if. We will often denote them simply by if;; in this 
case we will assume k = unless k is specified explicitly. 

We denote the following functors C ->■ A: iff 1 , if? -1 ' 1 , (ff 2 ml )f , and 
X h> (iff) - 11 (X [A;]) by r< fe if, r> fc ff, r [m+lifc] ff, and ff T=fc , respectively. 
Note that all of these functors are cohomological if if is. 

Remark 2.3.3. 1. Note that if often lies in a certain triangulated 'category 
of functors' D_ (whose objects are certain cohomological functors G_ — > A). 
We will axiomatize this below by introducing the notion of a duality $ : 
C_ op x D_ — > A: if $ is a duality then for any Y 6 ObjD_ we have a co- 
homological functor $(— , y) : C_ — > A. It is also often the case when the 
virtual t-truncations defined are compatible with actual t-truncations with 
respect to some t-structure t on D_ (see below). Still, it is very amusing that 
these t-truncated functors as well as their transformations corresponding to 
i-decompositions (see Definition ll.l.ip can be described without specifying 
any D and $! 

2. Below we will need an explicit description of the connecting morphisms 
in (TL5]) . We give it here (following the proof of Proposition 2.5.1 of [ Bon07| ). 

The transformation H\ H (resp. ff — > ff 2 ) for any k,j can be cal- 
culated by applying if to any possible choice either of X — > w< k X or of 
X — > w<k+jX (resp. of w> k X — )■ X or of w> k +jX — > X) that comes from 
any possible choice the corresponding weight decomposition. The transfor- 
mation if 2 — > if i o [—1] for j — 1 is given by applying if to any possible 
choice either of the morphism w< k+ \X — > w> k+2 X[l] or of the morphism 
w< k X — > w> k+ iX[l] that comes from any possible choice of a weight decom- 
position of X[k]. 

Here we use the following trivial observation: for A-morphisms X\ -4- Y\ 

and X 2 A 1^ any # : Xi — > X 2 (resp. h : Yi — > Y 2 ) is compatible with at 
most one morphism i : Im/x — > lmf 2 ; if such an i exists, we will say that it 
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is induced by g (resp. by h). Certainly, here f\ could be equal to idx 1 or f 2 
could be equal to idx 2 - 

3. For any k, j, and any (7-morphism g : X — Y Y the morphism Hi(X) — > 
Hi(Y) (resp. H 2 (X) — > H 2 (Y)) is induced by any choice of either of the 
morphism w^X — > w<kY or of w<k+jX — > w<k+jY (resp. of the morphism 
w>kX — > w>kY or of w>k+jX — > w>k+jY) that is compatible with g with 
respect to the corresponding weight decomposition (in the sense of Remark 
EX2JJ2])); see the proof of Proposition 2.5.1 of |Bon07j . 

We would like to extend assertion III4 of Theorem 12.3.11 to a statement 
on a (canonical) isomorphism of long exact sequences of functors. To this 
end we need the following definition. 

Definition 2.3.4. 1. We will call a sequence of functors C — • ■ ■ — > H" o 

[1] H' 4 H 4 H" 4 H' o [-1] . . . of contravariant functors C ->• Ab 
a strongly exact complex if H',H,H" are cohomological and C(X) is a long 
exact sequence for any X e ObjC;, here [l](h) is the transformation induced 
by h. 

2. We will also say that a strongly exact complex C is nice in H if the 
following condition is fulfilled: 

For any distinguished triangle T = A 4 B ^> C A A[l] in (7 the natural 
morphism p: 

/ f(A) -H{1) \ 

g{B) -H"(m) 

\-H'{[-l]{n)) h(C) ) 



KeT((H'(A)Q)H(B)Q)H"(C)) 

(H(A) H'\B) 4 Ker((^'(A) H(B)) 
® H 1 ) H(A)) is epimorphic. 

(16) 

Now we describe the connection of (I16p with truncated realizations; our 
arguments will also somewhat clarify the meaning of this condition. 

Theorem 2.3.5. 1. Let C be a strongly exact complex of functors that is nice 
in H; let H' — > H 4 H" (a 'piece' of C) satisfy the conditions of assertion 
III4 of Theorem \2.3.1\ Then C is canonically isomorphic to (T72J). 
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2. Let X — >■ Y — )■ Z 6e a distinguished triangle in C_. Then C = ■ ■ ■ — > 
C_(—,X) —7- , Y) — > , Z) — >■ . . . is a strongly exact complex of func- 
tors C_ — > Ab; it is nice in C(—, Y). 

3. Let there exist a (skeletally) small full triangulated C' C C_ such that 
the restriction of a strongly exact complex C to C' is nice in H . For D G 
ObjC_ we consider the projective system L(D) whose elements are (E,i) : 
E G ObjC, i G C(D,E); we set (E,i) > (E', i') if(E,i) = (£" E", i'@i") 
for some (E",i") G L(D). 

Suppose that for any D G C_ and for G = H' and G = H we have 

ln^ (D) (ImG(i) : G(E) -> G(D)) = G(D); (17) 

here we also assume that these limits exist. Then C is nice on C_ also. 

4- Let C? C C_ be a (skeletally) small triangulated subcategory, let A 
satisfy AB5. Let C' = •••—)■ H' — >■ H — )■ ff" —)■... 6e a strongly exact 
complex of functors C? — > A. We extend all its terms from C? to C_ by the 
method of Proposition XT. 2. 1\ and denote the complex obtained by C ; we carry 
on the notation for the terms and arrows from C' to C. Then C is a strongly 
exact complex also (and its terms are cohomological functors) . 

It is nice in H whenever C' is. 

Proof. 1. It suffices to check that the isomorphism provided by Theorem 
12.3.1( 1114) is compatible with the coboundaries if f lT6|) is fulfilled. We can 
assume A = Ab; see Remark 11.1.81 Then f lT6|) transfers into: for any (x,y) : 
x G H'(A), y G H(B), f(A)(x) = H(l)(y) there exists a 

z G H"{C) such that g{B){y) = H"{z) and H([-l](n))(x) = h(C){z). (18) 

We should prove: if the images of x G H 2 (X) and of y G H"(X) in 
H'iiX) coincide, w G H x {X[-l\) and t = H(X)(y) G H'(X[-1}) are their 
coboundaries, then w and t come from some (single) u G H[(X[— 1]). 

We lift x to some x' G H{w>k+\X). Then ([TB]) (if we substitute w>k+i 
for A and X for in it) implies the existence of some v G H'((w<kX)[—l]) 
whose image in H'(X[—1}) (resp. in H(w<kX[—l])) coincides with t (resp. 
with the coboundary of x'). Hence we can take u being the image of v (in 
H[{X[-1])). 

2. Since the bi-functor C_{— , — ) is (co)homological with respect to both 
arguments, C is a strongly exact complex indeed. It remains to note: (fT6|) 
in this case just means that any commutative square can be completed to 
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a morphism of distinguished triangles; so it follows from the corresponding 
axiom (TR3) of triangulated categories. 

3. First suppose that A = Ab (or any other abelian category equipped 
with an exact faithful functor A^-Ab that respects small direct limits; note 
that below we will only need A = Ab). Then we should check f|T8|) . 

Now note: it suffices to prove that there exist A', B' G ObjC^, I' G 
C(A',B'), a G C(A,A'), (3 G C(B,B'), x' G H'(A'), g' G H(B') such that: 

x = H\a){x'), y = H(P)(y>), l f oa = fiol, f{A'){x') = H{l'){y'). (19) 

Indeed, denote C = Cone(Z'); denote by 7 some element of C_(C,C) that 
completes 

A ► B 

A' ► B' 

to a morphism of triangles. Let z' G H"(C) be some element satisfying the 
obvious analogue of (I18|) . Then h = H"( , y)(h') is easily seen to satisfy ( TT81) . 

Now we construct A', B', ... as desired. Note that in this case the as- 
sumption (ITT)) is equivalent to: for any t G G(D) there exist E G ObjC^, 
s G G(D), and r G C_(D,E), such that t = G(r)(s) (since Q[ is addi- 
tive). So, we can choose A' G ObjC, a G (7(A, A'), x' G H'(A') such that 
x = H'(a)(x!). We complete g = a © Z G C(A,A'0B) to a distinguished 

triangle A A'05 FP -f B D. Since y)) = 0, there 

exists an s G H(D) such that H(p)(s) = (-H'(f(A')(x'),y) (recall that H 
is cohomological on C). So, we have H(p 2 )(s) = y, —H(pi)(s) = f(A')(X'), 
p 2 o I = —p 1 o a. 

D fits for B' if it lies in ObjC[. In the general case using ( ITT)) again, we 
choose 5' G O&jC', 5 G C(D,B'), g' G #(F), such that s = H(6)(g'). Then 
it is easily seen that taking /' = —5 o pi, (3 = 8 o p 2 , we complete the choice 
of a set of data satisfying ( IT9)) . 

This argument can be modified to work for a general A. To this end 
we separate those parts of the reasoning where we used the fact that H is 
cohomological from those where we deal with limits; this allows us to 'work 
as if A = Ab\ 

We denote Ker(H'(A) ® H(B))—tH(A)) (with respect to the morphism 
in (USD by S(A, B), and Kev{H'{A) © H(B) © H"(C))^H(A) © H"(B) © H'(C[-1}) 
by T(A,B,C). 
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Then we have a commutative diagram 
lk^(Im(T(A',B',C) ->T(A,B,C))) — \w^(Im(S(A', B') -+ S(A, B))) 

i 

T{A,B,C) — ^ 3{A,B) 

here the first direct limit above is taken with respect to morphisms of triangles 
(A ->■ B -> C) -> (A' -> 5' -> C") for A', 5', C" G Ofy'C' (the ordering is 
similar to those of (117jl ); the second limit is taken similarly with respect to 
morphisms (A — > B) — > (A' — > B') for A', B' G ObjCf. Since the restriction 
of C to C is nice in H, for all A', B', C the morphism T(A', B', C) 
5(A', -B') is epimorphic; hence t' is epimorphic. Therefore, it suffices to prove 
that i is epimorphic. 

Now let us fix A' = A Q and a = olq. We use the notation introduced 
above; denote the preimage of lm(H'(a) : H'(A') — » H'(A)) with respect to 
the natural morphism S(A,B) — > H'(A) by J. Then J equals lm(H'(A') x 
H(D) — > S(A, B)). Indeed, here we can apply Proposition [LLT] (see Remark 
I1.1.8P and then apply the reasoning 'with elements' used above. 

In any A we obtain: since = lim(Im($(_B', Y) -> ${D,Y))), we 

obtain that G = \h^(lm(S(A , B', X, Y) ->S(A, B, X, Y))). Here we use the 
following fact (valid in any abelian A): if Jj C J' G ObjA, fini Jj = J (for 
some projective system), u : J' — > J is an A-epimorphism, then limw(Jj) = J. 

Now, passing to the limit with respect to (A ,ao) (using (fl7|) ) finishes 
the proof. 

4. C is a complex indeed since the extension procedure is functorial. 

By Proposition II. 2. lT ll). all the terms of C are cohomological on C_. Also, 
part 112 of loc.cit. immediately implies that C is exact (i.e. C{X) is exact 
for any X G ObjC_). Hence C is a strongly exact complex. 

Obviously, if C is nice in H then C also is. 

Conversely, let C be nice in H. Then Proposition 11.2. lT Hl) implies that 
H' and H satisfy (JT7J) (for all D). Hence C is nice in H by assertion 3. 

□ 
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2.4 Weight spectral sequences and nitrations; relation 
with virtual ^-truncations 

Definition 2.4.1. For an arbitrary (C, w) let H : C — > A be a cohomological 
functor (A is any abelian category). 

We define W\H) : C -> A as X -> Im^w^X) -> #(X)). 

By Proposition 2.1.2(2) of |Bon07j . VP(F)(X) does not depend on the 
the choice of the weight decomposition of X[i\; it also defines a (canonical) 
subfunctor of H(X). 

Now recall that Postnikov towers yield spectral sequences for cohomology. 
We will denote H{X[-i\) by H\X) (for X G ObjC). We will also use the 
notation of Definition 12.3.21 

Theorem 2.4.2. Let k,m G Z. 

II. For any weight Postnikov tower for X (see Definition \2.1. 2tf ty) ) there 
exists a spectral sequence T = T(H,X) with E pq (T) = H q (X~ p ) such that 
the map Ef q — > E\ +lq is induced by the morphism X - ^ 1 — > X~ p (coming 
from the tower). We have T(H,X) =^ H p+q (X) for any X G C b . 

One can construct it using the following exact couple: E pq = H q (X~ p ), 
D vq = H q (X w ^- p ). 

2. T is (covariantly) functorial in H ; it is contravariantly C_-functorial 
in X starting from E2 ■ 

3. Denote the step of filtration given by (E l { m ~ l : I > -k) on H m {X) by 
F- k H m (X). Then F- k H m (X) = (W k H m )(X). 

II The derived exact couple for T(H,X) can be naturally calculated in 
terms of virtual t-truncations of H in the following way: E^ 9 = E'£ q = 
(H q ) T= ~ p (X) , D V 2 = D'2 9 = (r> q H)(X[l —p)); the connecting morphisms of 
the couple ((E^D^)) come from < T73]) . 

III1. F- k H m (X) = lm((T< k H m )(X) -> H rn (X)) (with respect to the 
connecting morphism mentioned in Theorem \2. 3. 1\ ( I)). 

2. For any r > 2, p, q G Z there exists a functorial isomorphism E pq = 
(FP(r [ _ p+2 _ r ,_ p+r _ 2] i7)«)VF p+1 (r hp+ 2-,,- P+ ,-2]^) 9 ) p . 

Proof. I This is Theorem 2.4.2 of |Bon07] ; see also Remark 2.4.1 of ibid, for 
the discussion of exact couples. 

In fact, assertion 1 follows easily from well known properties of Postnikov 
towers and of related spectral sequences. 
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II Since virtual t-truncations are functorial, the exact couple (D' 2 ,E' 2 ) is 
functorial also. 

The definitions of the derived exact couple and of the virtual t-truncations 
imply immediately that D 2 q and their connecting maps are exactly D 2 q (and 
their connecting morphisms) specified in the assertion. 

It remains to compare E 2 with E' 2 , and also the connecting maps of exact 
couples starting and ending in E 2 with those for E 2 . It suffices to consider p = 
q = 0. Our strategy is the following one. First we construct an isomorphism 
-E'2 — >* E 2 °; our construction depends on some choices. Then we prove that 
the isomorphism constructed is actually natural (in particular, it does not 
depend on the choices made). Lastly we verify that the isomorphisms of 
the terms of the exact couples constructed is compatible with the connecting 
morphisms of these couples. Note that in this (last) part of the argument we 
can make those choices (of certain weight decompositions) that we like. 

By the definition of the derived exact couple we have: E 2 ° is the 0-th 
cohomology of the complex (H(X~i)) (for any choice of the weight complex 
(X 1 )). E 2 ° is the image of H(k) where k G Cjiw^qX, W[-i t o]X) is any mor- 
phism that is compatible with idx with respect to the corresponding weight 
decompositions (see see Theorem 12.3.1( 113) and Remark I2.2.2[j3] )). So, we 
should compare a subfactor of H(X°) with a subobject of H(w\o t i}X). 

Now suppose that we are given an octahedral diagram containing a com- 
mutative triangle w^^X —> w^^X — > w^i^X (see Theorem 12.2.1 IffTTj) ) . We 
could obtain it as follows: fix some w\- \,i]X; then choose certain w\n,\]X = 
iu>o(iU[-i,i]X) and W[\^X = w>i(w[-x t i]X) (see Remark 12.2.211 4"])). For any 
possible completion of the commutative triangle wu qX — > W\o } i]X — > W\-i i]X 
to an octahedral diagram, the remaining vertices of the octahedron are cer- 
tain W[-i t0] X, w m X = X°, and = X^[l] (by Theorem E2HHI])). 

We obtain morphisms W[o,i]X A X° A W[-x$]X such that k — j o i. 
Moreover, ^(^(X 1 ) — > H(X )) = KevH(i). Hence H(i) induces some 
monomorphism a : H(X )/ lm(H (X 1 ) -»■ H(X )) to H(w [0j i ] X). Besides, 
Ker(H(X°) — > H^X^ 1 )) = ImH(j); therefore the restriction of a to a" 1 (Im H (k)) 
yields an isomorphism j3 : E 2 ° — > E 2 °. 

Now we verify that the isomorphism constructed is natural. 

Note that it actually depends only on w^^X A X° and ImH(k) (we 
used the remaining data only in order to verify that we actually obtain an 
isomorphism). So, suppose that we have X' G ObjC_, g G C_(X,X'), and 
some choice of w>qX', w>\X', and w> 2 X'. We have canonical connecting 
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morphisms w>qX' — > w>iX' — > w> 2 X' that are compatible with idx> with 
respect to the morphisms w>iX' — > X' (I — 0,1,2). Applying Theorem 

I2.2.1[|lip . we obtain a choice of wto^iX' X'°. We also fix some choice of 
H(k') (in order to do this we fix some choice of w<-\X and of W[-\fi]X). Note 
that all of these choices are necessarily compatible with some choice of the 
isomorphism p : Ef{X') -» E' 2 00 (X') constructed as above (see EZE3J2D). 

Now we choose some morphisms gi : w>iX — > w>iX', for — 1 < I < 2, 
compatible with g (see Remark 12 . 2 . 2 fl2"j ) ) . These choices could be extended 
to some morphisms a : W[o^i]X — > W[o y i]X' and b : X°— >X'° (by extending 
morphisms of arrows to morphism of distinguished triangles). 

Now we verify the commutativity of the diagram 

w m X — ^ X° 

a b 

w m X' X'° 

It follows from Theorem I2.2.1[|T0]) applied to the morphism go : w>qX — > 
w>qX', I = 1, m = 2 (since both b o % and i' o a are compatible with go)- 
Moreover, Remark EjEZP yields that H(a) sends H(k) to H(k'). We obtain 
a commutative diagram 

£ 2 00 — E^ 00 

E$°(H,X') E™(H,X') 

Since E^lH, — ) and i? 2 00 (if, — ) are C op -functorial (and the vertical arrows 
in the diagram are exactly those that yield this functoriality; see Remark 
12.3.3( 3)). we obtain the naturality in question. 

Now it remains to prove that the isomorphisms of terms of exact cou- 
ples constructed above is compatible with the (two remaining) connecting 
morphisms of these couples. 

First consider the morphisms E®° — > D^ . Recall (by the definition of 
the derived exact couple) that it is induced by any morphism w>qX — > X° 
that extends to a weight decomposition of w>qX (here we consider E®° as 
a subfactor of H(X )). On the other hand, the morphism E® — > D 2 10 = 
lm(H(w>_iX) — > H(w>qX)) is induced by any possible choice of a morphism 
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w>oX — y w\o t i]X that yields a weight decomposition of u>> X[l] (by Remark 
12.3.3( 2); see also Remark |2. 2. 2[l 3"j)). Hence it suffices to note that the triangle 

w>qX — y if[o.i]X -\ X° is necessarily commutative by Remark 12.2.21 

It remains consider the morphism D\~ — y E 2 °. It is induced by the 
morphism X° — y w>\X (that yields a weight decomposition of w>qX). The 
morphism D*'- 1 (=Im(H (w>iX)[l]) ->• H(w> 2 X)[l])) ->• E' 2 00 is induced by 
the morphism w^^X — y w>2X[l}. Hence it suffices to construct a commu- 
tative square 

w m X — U X° 

w> 2 X[l] y w> x X[l] 

By applying Theorem l2.2.1[flT]) to the commutative triangle w> 2 X —y w>\X — y 
w>qX we obtain that there exists such a commutative square with a cer- 
tain i instead of i. Note that (by loc.cit.) i yields a weight decompo- 
sition of u>[ 0; i]X. It suffices to verify that we may take %q for i i.e. that 
Zo could be completed to an octahedral diagram one of whose faces yields 
some choice of the commutative triangle wu^X —y wip^X —y We 
take w\i i]X = Conezo[~ 1], choose some W\_i t -nX (coming from the same 
w<iX as WtpuX). By Remark 12 . 2 . 2 [|2~j ) we obtain a unique commutative tri- 
angle W[i t i]X —y W[o t ijX wy-i^X that is compatible with id w<1 x respect 
to the corresponding weight decompositions. It remains to apply Theorem 

EHUD - 

III We can assume k = m = 0. 

1. In the notation of Theorem 12 . 3 . 1 1 we consider the morphism of spectral 
sequences M : T(H X , X) ->■ T(H, X) (induced by H X -*H). Part II of loc.cit. 
implies: M is an isomorphism on E 2 9 for p > —k and E 2 q (T(H\,Xy) = 
otherwise. The assertion follows immediately. 

2. Similarly to the the previous reasoning, we have natural isomorphisms: 
El q {T{T [2 - r ,r-2]H,X) = E p 2 q {T(H } X)) for 2 - r < p < r - 2 and = other- 
wise. It easily follows that E^(T(r [2 ^ 2] H, X) = E^(T(r hp+2 ^ p+r ^ 2] H, X) 
The result follows immediately. 

□ 

Remark 2.4.3. 1. The dual of assertion II is: if we consider the alternative 
exact couple for our weight spectral sequence (see Remark 12 . 1 .3[) then the 
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derived exact couple can also be described in terms of virtual t-truncations 
(in a way that is dual in an appropriate sense to that of Theorem |2.4.2p . 

2. Possibly, at least a part of (assertion II of) the theorem could be 
proved by studying the functoriality of the derived exact couple (and applying 
Theorem [2X5^1)). 

2.5 Dualities of triangulated categories; orthogonal weight 
and ^-structures 

Let C_, D_ be triangulated categories. We study certain pairings of triangu- 
lated categories (7 op x D — > A. In the following definition we consider a 
general A, yet below we will mainly need A = Ab. 

Definition 2.5.1. 1. We will call a (covariant) bi-functor $ : C_ op xfl->A 
a duality if it is bi-additive, homological with respect to both arguments; and 
is equipped with a (bi)natural transformation 3>(X,Y) = <&(X[1],Y[1]). 

2. We will say that $ is nice if for any distinguished triangle X — > Y — > Z 
the corresponding (strongly exact) complex of functors 

. . . _> $ ( _ X ) -> $(- y) -> $(-, z) A $([-i](-), x) -> . . . (20) 

is nice in $(— , V) (see Definition I2.3.4P ; here / is obtained from the natural 
morphism $(—, Z)— )•$(—, X[l]) by applying the (bi)natural transformation 
mentioned above. 

3. Suppose that C is endowed with a weight structure w, D_ is endowed 
with a t-structure t. Then we will say that w is (left) orthogonal to £ with 
respect to $ if the following orthogonality condition is fulfilled: 

$(X, y) = if: X e C w ^° and Y G D'- 1 , or X G and y G D^-\ 

(21) 

4. If w is defined on (7 op , t is defined on -D op , if is left orthogonal to 
t (with respect to some duality); then we will say that the corresponding 
opposite weight structure on C is right orthogonal to the opposite t-structure 
for D. 

Remark 2.5.2. 1. The axioms of $ immediately imply that (120]) is a strongly 
exact complex of functors indeed (whether $ is nice or not). 

2. Certainly, if $ is nice then (120]) is nice at any term (since we can 
'rotate' distinguished triangles in D_). 



48 



First we prove a statement that will simplify checking the orthogonality 
of weight and i-structures. 

Proposition 2.5.3. Let $ : C ap x D — > A be some duality; let (C,w) be 
bounded. Then w is (left) orthogonal to t whenever there exists a D C CT"~° 
such that any object of C_ w=0 is a retract of a finite direct sum of elements of 
D and 

Y) = 0V X e D, Ye D 1 - 1 U D 1 -- 1 . (22) 

Proof. If w is is left orthogonal to t, then ([22]) for D = C w=0 follows imme- 
diately from the orthogonality condition. 

Conversely, let D satisfy the assumptions of our assertion. Hence we have: 
$(X, Y) = if X G D[i], i > 0, Y G D*- 1 , or if X G D[i], i < 0, Y G D^" 1 . 

Now suppose that for some E, F C ObjC_ we have: any object of C_ w -° 
is a retract of an object of E, any object of C_ w -° is a retract of an object of 
F. Then it obviously suffices to check that <&(X, Y) — if either X G E and 
y G D'- 1 or X G F and Y G D 1 -^ 1 . 

Now by Theorem 12.2. lflT9l) . we can take £7 being the smallest extension- 
stable subcategory of C containing D[i], i > 0; and F being the smallest 
extension- stable subcategory of C_ containing D[i], i < 0. To conclude the 
proof it remains to note that for a distinguished triangle X — > Y — > Z in C_, 
O G ObjD we have: $(X, O) = = $(Z, O) =^ $(y, O) = 0. □ 

When (weight and t-) structures are orthogonal, virtual t-truncations of 
$(— , y) are given by t-truncations in .D. We use the notation of Definition 
12X21 

Proposition 2.5.4. 1. Let t be orthogonal to w with respect to $, k G Z. 
For y G ObjD_ denote the functor $(— , Y) : C — >■ A by H . Then we have 
an isomorphism of complexes (t^H — > H — > T>kH) = ($(— ,t<kY) — > H — > 
&(—,t>k+iY)) (where the connecting maps of the second complex are induced 
by t-truncations) ; this isomorphism is natural in Y . 

2. Suppose also that $ is nice. Then the (strongly exact) complex of 
functors that sends X to 

> $(X, t< k Y) -)■ $(X, Y) -> $(X, t> k+1 Y) -> <Z>(X[-l],t< k Y) . . . 

(23) 

(constructed as in the definition of a nice duality) is naturally isomorphic to 
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Proof. 1. Since t and w orthogonal, $(— , £<fcY) vanishes on (7 W - + , whereas 
$(-, £> fc +i^) vanishes on C™-*. Moreover 7 (J23D yields that H' = $(-, t< fc F) 
and H" = $(— , £>fc + ]Y) also satisfy the condition (hi) of Theorem 12.3. 1T III4) . 
Hence the theorem yields the claim. 

2. Immediate from the previous assertion and Theorem 12.3.5( 1). 

□ 

Remark 2.5.5. Note that we actually need quite a partial case of the 'niceness 
condition' for $ in order to prove assertion 2. Hence here (and so, in all 
the applications below) we will not need the niceness condition in its full 
generality. Possibly, the corresponding partial case of the condition is weaker 
than the whole assertion; yet checking it does not seem to be much easier. 

Also, it seems quite possible that for an arbitrary (not necessarily nice) 
duality there exists some isomorphism of (fT5|) with (123|) if we modify the 
boundary maps of the second complex. Yet there seems to be no way to 
choose such a modification canonically. 

'Natural' dualities are nice; we will justify this thesis now. 

Proposition 2.5.6. 1. If A = Ab, D = C, then $ : (X, Y) ^ C(X, Y) is a 
nice duality. 

2. For some duality $ : C_ op xD_ — )■ A let there exist a (skeletally) small full 
triangulated C C_ such that: the restriction o/$ to C^ op xD_ is a nice duality 
(of C with D); for any X G ObjD the functor G = $(-,X), C op ->• A, 
satisfies (E?P- Then $ is nice also. 

3. For D,C'CC as above, A satisfying AB5, let $' :C op xD^ Abea 
duality. For any Y G ObjD_ we extend the functor $'(— , Y) from (7' to C_ by 
the method of Proposition IT. 2. 1[ we denote the functor obtained by $(— ,Y). 
Then the corresponding bi-functor $ is a duality (C_ op x D — > A). It is nice 
whenever $' is. 

Proof. Immediate from parts 2-4 of Theorem 12.3.51 

□ 

Remark 2.5.7. 1. Proposition 12.5.6( 1) yields an important family of nice 
dualities; this case was thoroughly studied in |Bon07] (in sections 4 and 7). 
We will say that w is left (resp. right) adjacent to t if it is left (resp. right) 
orthogonal to it with respect to $(X, Y) = C_(X, Y). Note that for w left 
(resp. right) adjacent to t with respect to this definition we necessarily have 
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C w -° = C-° (resp. C-° = C-°) by Theorem EX!© and Remark 

so this definition is actually compatible with Definition 4.4.1 of [Bon07j. 

One can generalize this family as in §8.3 of ibid.: for A = Ab and an 
exact F : D C we define $(X,Y) = C(X,F(Y)). Certainly, one could 
also dualize this construction (in a certain sense) and consider F : C —> D_ 
and ®(X,Y) = C(F(X),Y). 

2. Another (general) family of dualities is mentioned in Remark 6.4.1(2) 
of ibid. All the families of dualities mentioned can be expanded using part 3 
of the proposition. 

3. It is also easy to construct a duality that is not nice. To this end one can 
start with C_ = D_, $ = C_(—, — ) and then modify the choice of distinguished 
triangles in D (without changing the shift in ID, and changing nothing in C_) 
in a way that would not affect the properties of functors to be cohomological. 
The simplest way to do this is to proclaim a triangle I 4 F 4 Z A X[l] 

to be distinguished in D_ if X ~4y 4 Z — > X[l] is distinguished in C_. 
Certainly, such a modification is not very 'serious'; in particular, one can 'fix 
the problem' by multiplying the isomorphism Y) = <&(X[1],Y[1]) by 

-1. 

The author does not know whether any duality can be made nice by 
modifying the choice of the class of distinguished triangles (in D_), or by 
modifying the isomorphism mentioned. Note also that the question whether 
there exists a D_ for which such a modification can change the 'equivalence 
class' of triangulations is well-known to be open. 

2.6 Comparison of weight spectral sequences with those 
coming from (orthogonal) ^-truncations 

Now we describe the relation of weight spectral sequences with orthogonal 
structures. 

Theorem 2.6.1. Let w for C_ and t for D_ be orthogonal with respect to a 
duality $; let i,j eZ, X E ObjC, Y G ObjD. 

1. Consider the spectral sequence S coming from the following exact cou- 
ple: D p 2 q (S) = ^(X,Y^ q \p - 1]), E P 2 \S) = $(X,y*= 9 [p]) (we start S 
from E 2 ). It naturally converges to &(X, Y\p + q}) if X e C 6 . 
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2. Let T be the weight spectral sequence given by Theorem \2.4-2\ for the 



functor H : Z \- > <&(Z,Y). Then for all r > 2 we have natu- 
ral isomorphisms EP q (T(H, X)) = E^ q (S). There is also an equality 
F~ k H m (X) = lm(<f>(X,t< k Y[m\) -> H m (X)) (here we use the nota- 
tion of part 14 of loc.cit.) compatible with this isomorphism. 

3. Suppose that $ is also nice. Then the isomorphism mentioned in the 
previous assertion extends naturally to the isomorphism of of T with S 
(starting from E 2 ). 

4- Let •••—>■ X _J_1 — > X~i — > X 1 ^ denote an arbitrary choice of 

the weight complex for X . Then we have a functorial isomorphism 

$(X,Y t=i [j}) * 

(Ker($(X-> ,Y[i]) -> ^(X- 1 ^ , y[i]))/Im($(X 1 ^', Y[i}) -> <f>(X~i ,Y\i})). 

(24) 



Proof. 1. The theory of t-structures easily yields: Y l - q and Y t=q can be 
functorially organized into a certain Postnikov tower for Y. Hence the 
usual results on spectral sequences coming from Postnikov towers (see 
§IV2, Exercise 2, of [GeM03j) yield the assertion easily. 

2. Immediate from Proposition 12 . 5 . 4T 1 ) and Theorem 12. 4. 2( 111). Note that 
the latter assertion does not use the 'dimension shift' in (Tl~5]) . 

3. Proposition 12.5.4( 2) and Theorem 12.4.2( H) imply: there is a natural 
isomorphism of the derived exact couple for T with the exact couple of 
S ('at level 2'). The result follows immediately. 

4. This is just assertion [2] for E^-terms. 

□ 

Remark 2.6.2. 1. So, we justified parts 4 and 5 of Remark 4.4.3 of [Bon07j. 

2. Note that the spectral sequence denoted by S in (Remark 4.4.3(4) and 
§6.4 of) ibid, started from Ei; so it differed from our S and T by a 
certain shift of indices. 
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3. So, we developed an 'abstract triangulated alternative' to the method 
of comparing similar spectral sequences that was developed by Deligne 
and Paranjape. The latter method used filtered complexes; it was 
applied in |Par96] . |Deg09| , and in §6.4 of |Bon07] . The disadvantage of 



this approach is that one needs extra information in order to construct 
the corresponding filtered complexes; this makes difficult to study the 
naturality of the isomorphism constructed. Moreover, in some cases 
the complexes required cannot exist at all; this is the case for the 
spherical weight structure and its adjacent Postnikov t-structure for 
C_ = D_= SH (the topological stable homotopy category; see §4.6 of 
|Bon07] : yet in this case one can compare the corresponding spectral 
sequences using topology). 

4. One could modify our reasoning to prove a version of the theorem 
that does not mention weight and t-structures. To this end instead of 
considering a weight Postnikov tower for X and the Postnikov tower 
coming from t-truncations of Y one should just compare spectral se- 
quences coming from some Postnikov towers for X and Y in the case 
when these Postnikov towers satisfy those 'orthogonality' conditions 
(with respect to a (nice) duality $) that are implied by the orthogo- 
nality of structures condition in our situation. Yet it seems difficult to 
obtain the naturality of the isomorphisms in Theorem 12.6. 1[| 3"]) using 
this approach. 

5. Even more generally, it suffices to have an inductive system of Postnikov 
towers in D_ and a projective system of Postnikov towers in C_ such 
that the orthogonality conditions required are satisfied in the (double) 
limit. Then the comparison statements for the double limits of the 
corresponding spectral sequences are valid also. A very partial (yet 
rather important) example of a reasoning of this sort is described in §7.4 
of |Bon07] . Besides, this approach could possibly yield the comparison 
result of §6 of |Deg09| (even without assuming k to be countable as we 
do here). 

6. A simple (yet important) case of (|24p is: for any i G Z 

X e C w=i VY e ObjD we have $(X, Y) = <f>(X, Y t=i ). (25) 
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2.7 'Change of weight structures'; comparing weight 
spectral sequences 

Now we compare weight decompositions, virtual t-truncations, and weight 
spectral sequences corresponding to distinct weight structures. In order make 
our results more general (and to apply them below) we will assume that these 
structures are defined on distinct triangulated categories; yet the case when 
both are defined on C is also interesting. 

So, till the end of the section we will assume: C_, D_ are triangulated 
categories endowed with weight structures w and v, respectively; F : C_—> D 
is an exact functor. 

Definition 2.7.1. 1. We will say that F is right weight-exact if F(C w -°) C 

jjv>0 

2. If F is fully faithful and right weight-exact, we will say that v dominates 

w. 

3. We will say that F is left weight-exact if F(C w -°) C D v -°. 

4. F will be called weight-exact if it is both right and left weight-exact. 
We will say that w induces v (via F) if F is a weight-exact localization 

functor. 

Proposition 2.7.2. Let F be a right weight-exact functor; let I > m e Z, 
X E ObjD, X' e ObjC, g e D(F(X'),X). 

1. Let weight decompositions of X[m] with respect to v and X'[l] with 
respect to w be fixed. Then g can be completed to a morphism of distinguished 
triangles 

F(w> l+1 X') ► F(X') > F(w<iX') 

b (26) 

v> m+1 X > X > v< m X 

This completion is unique if I > m. 

2. For arbitrary weight Postnikov towers Po v (X) for X (with respect to 
v ) and Po w X' for X' ( with respect to w), g can be extended to a morphism 
F*{Po w X')^Po v {X). 

3. Let H : D ->■ A be any functor, k G Z, j > 0. Denote H o F by G. 
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Then allows to extend H(g) naturally to a diagram 
H1(X) > H{X) ► H%(X) 

H(g) 

Gy(X') > G(X') > G^(X') 

here we add the weight structure chosen as an index to the notation of The- 
orem l2JlV l). 

Proof. 1. Since F is right weight-exact, D(F(w> n+ iX'), v< m X) = {0} for 
any n > m. Hence the composition morphism F(w>i + iX') — > v< m X is zero; 
if I > m then D(F(w>i + iX'), (v< m X)[—l]) = {0}. The result follows easily; 
see Proposition 1.1.9 of |BBD82j . 

2. Assertion 1 (in the case I = m) yields that there exists a system of 
morphisms fi e D_(F(w>iX'),v>iX) compatible with g; we fix such a system. 
Applying the same assertion for any pair of I, m : I > m, we obtain that 
fi is compatible with f m (here we use arguments similar to those described 
in Remark |2.2.2p . Finally, since any commutative square can be extended 
to a morphism of the corresponding distinguished triangles (an axiom of 
triangulated categories), we obtain that we can complete (uniquely up to 
a non-canonical isomorphism) the data chosen to a morphism of Postnikov 
towers (i.e. choose a compatible system of morphisms F(X H ) — > X 1 ). 

3. Easy from assertion 1; note that for any commutative square in A 

X Y 

h 

Z — ^ T 

if we fix the rows then the morphism g o h : X — > T completely determines 
the morphism Im / — > Im g induced by h. 

□ 

We easily obtain a comparison morphism of weight spectral sequences. 

Proposition 2.7.3. / Let F, X', G be as in the previous proposition; suppose 
also that H is cohomological. Set X = F(X'), g = idx- 

1. There exists some comparison morphism of the corresponding weight 
spectral sequences M : T V (H,X) — > T W (G, X') . Moreover, this morphism is 
unique and additively functorial (in g) starting from E 2 . 
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2. Let there exist D C C_ w such that any Y G C_ w is a retract of 
some Z G D, and that for any Z G D there exists a choice of Z™- 1 such that 
E p 2 q T v (H } F(Z w ^ 1 )) = {0} for all p,q G Z. Then (any choice of) M yields 
an isomorphism of the spectral sequence functors starting from E 2 . 

3. Let E_ be a triangulated category endowed with a weight structure u, 
F' : D_ — >■ E_ a right weight-exact functor; suppose that H — E o F' for some 
cohomological functor E : E_ — >■ A. Then we have the following associa- 
tivity property for comparison of weight spectral sequences: the composition 
of M with (any choice of) a comparison morphisms M' : T U (E,F'(X)) — > 
T V (H,X) constructed as in assertion 1, starting from Ei is canonically iso- 
morphic to (any choice of a similarly constructed) comparison morphism 
T U (E,F>(X))^T W (G,X>). 

II Let H, X', X, G be as above, but suppose that F : C—> D_is left weight- 
exact. Then a method dual to the one for assertion II yields a transformation 
N : T W (G,X') — > T V (H,X); this construction satisfies the duals for all prop- 
erties of M described in assertion I. 

Proof. II. In order to construct some comparison morphism, it suffices to 
construct a morphism of the corresponding exact couples that is compatible 
with idx- Hence it suffices to use Proposition I2.7.2T 2) to obtain a morphism 
of the corresponding Postnikov towers, and then apply H to it. 

Theorem 12.4.2( H) yields that weight spectral sequences could be de- 
scribed in terms of the corresponding virtual t-truncations. Hence Propo- 
sition 12.7.2( 3) implies all the functoriality properties of M listed. 

2. It suffices to prove that M is an isomorphism on E2*T W (G,Y) for all 

Y G ObjC. 

Since D C G"'- ^ this assertion is true for any Y G D. Since Z i— > 
E2(T(G, Z)) is a cohomological functor for any weight structure (see Theorem 
12.4.21 and the remark at Definition I2.3.2p . the assertion is also true for any 

Y G ObjC^. To conclude it suffices to note that for any H, any Y G ObjC_, 
any finite 'piece' of E%*T W (G,Y) coincides with the corresponding piece of 
E$*T W (G, W[ij]Y) (for any choice of W[ij]Y) if % is small enough and j is large 
enough, and this isomorphism is compatible with M. 

3. We recall that comparison morphisms for weight spectral sequences 
were constructed using Proposit ion 12 . 7. 2T 1 ) . It easily follows that M' o M is 
one of the possible choices for a comparison morphism T U (E, F' o F(X)) — > 
T W (G,X'). It suffices to apply assertion II to conclude that this fixed choice 
of a comparison morphism coincides with any other possible choice starting 
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from E 2 . 

II We obtain the assertion from assertion I immediately by dualization 
(see Theorem 12.2. llfT T]) ) ; here one should consider the duals of C_, D_, and A 
(and also 'dualize' the connecting functors). □ 

Remark 2.7 A. M is an isomorphism (starting from E%) also if: there exists 
a localization of D_ such that H factorizes through it, v induces a weight 
structure v' on it, w induces a weight structure on the categorical image of 
C_ that coincides with the restriction of v' to it (since both weight spectral 
sequences are isomorphic to the spectral sequence corresponding to this new 
weight structure). 

Yet this conditions are somewhat restrictive since weight structures do 
not 'descend' to localizations in general (since for an exact F' : C_ — )■ E the 
classes FKCT"- ) and Fl(C_ w -°) are not necessarily orthogonal in E). 

In order to simplify checking right and left weight-exactness of functors, 
we will need the following easy statement. 

Lemma 2.7.5. Let w be bounded. 

1. An exact J : C — >■ D_ is a right weight-exact whenever there exists a 
D C C_ w=0 such that any Y E C_ w=0 is a retract of some X E D , and that for 
any X ED we have J{Y) E D v -°. 

2. An exact J : C_ — > D_ is a left weight- exact whenever there exists a 
D C Q_ w=0 such that any Y E C_ w=0 is a retract of some X E D, and that for 
any X ED we have J(Y) E D v -°. 

Proof. It suffices to prove assertion 1, since assertion 2 is exactly its dual. 
If J is right weight-exact functor, then we can take D = Q_ w=0 
Now we prove the converse statement. Since D_"-° is Karoubi-closed and 

extension-stable in D_, Theorem 12.2.1 flT9l) yields that J(C_ w -°) indeed belongs 

to D v ^°. 

□ 

3 Categories of comotives (main properties) 

We embed DMgff into a certain big triangulated motivic category D; we 
will call it objects comotives. We will need several properties of D; yet we 
will never use its description directly. For this reason in §3. II we only list the 
main properties of D. 
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In §3.21 we associate certain comotives to (disjoint unions of) 'infinite 
intersections' of smooth varieties over k (we call those pro-schemes). We also 
introduce certain Tate twists for these comotives. 

In §3.3l we recall the definition of a primitive scheme (note that in the case 
of a finite k we call a scheme primitive whenever it is smooth semi- local). 
The main motivic property of primitive schemes (proved by M. Walker) is: 
F(S) injects into F(Sq) if S is primitive connected, So is its generic point, 
and F is a homotopy invariant presheaf with transfers. 

In §3.41 we study the relation of (the comotives of) primitive schemes with 
the homotopy t-structure for DM e J^ . 

In §3.51 we prove that there are no 2)-morphisms of positive degrees be- 
tween the comotives of primitive schemes (and also certain Tate twists of 
those); this is also true for products of the comotives mentioned. 

In §3.6l we prove that one can pass to countable homotopy limits in Gysin 
distinguished triangles; this yields Gysin distinguished triangles for the co- 
motives of pro-schemes. This allows to construct certain Postnikov towers 
for the comotives of pro-schemes (and their Tate twists), whose factors are 
twisted products of the comotives of function fields (over k). The construc- 
tion of the tower is parallel to the classical construction of coniveau spectral 
sequences (see §1 of [CHK97] ). 

3.1 Comotives: an 'axiomatic description' 

We will define 2) below as the derived category of differential graded functors 
J —7- B(Ab); here J yields a differential graded enhancement of DM^J (cf. 
[BeV08] . |Lev98] . or |Bon09J ). B(Ab) is the differential graded category of 
complexes over Ab. We will also need some category 2)' that projects to 2) 
(a certain model of D). Derived categories of differential graded functors 
were studied in detail in |Dri04j and |Kel06j . We will define and study them 
in $5] below; now we will only list their properties that are needed for the 
proofs of main statements. 

Below we will also need certain (filtered) inverse limits several times. 2) 
is a triangulated category; so it is no wonder that there are no nice limits in 
it. So we consider a certain additive 2)' endowed with an additive functor 
p : 2)' — y 2). We will call (the images of) inverse limits from 2)' homotopy 
limits in D. 

The relation of 2)' with 2) is similar to the relation of C(A) with D(A). 
In particular, 2)' is closed with respect to all (small filtered) inverse limits; 
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we have functorial cones of morphisms in T)' that are compatible with inverse 
limits. 

We will need some conventions and definitions introduced in Notation; in 
particular, /, L will be projective systems; / is countable. 

Proposition 3.1.1. 1. There exists a triangulated category D D DM e JJi; 
all objects of DM g H are cocompact in D. 

2. There exists an additive category D' closed with respect to arbitrary 
(small filtered) inverse limits, and an additive functor p : ID' — >■ D that 
preserves (small) products. Moreover, p is surjective on objects. 

3. 1)' is endowed with a certain invertible shift functor [1] that is compat- 
ible with the shift on T) and respects inverse limits. 

4- There is a functorial cone of morphisms in D' defined; it is compatible 
with [1] and respects inverse limits. 

5. Any triangle of the form X — > Y — > Cone(/) — > X[l] in D' becomes 
distinguished in 2). 

6. The composition functor M gm : C b (SmCor) — > DM e g ll — > "D can be 
canonically factorized through an additive functor j : C b (SmCor) — > 
£)' . Shifts and cones of morphisms in C b {SmCor) are compatible with 
those in T>' via j . 



7. For any X G M gm (C h {SmCor)) C ObjD, any Y : L ->■ D' we have 
£(p(lim Y l ),X) = lim S(p(^),X). 



8. DM e g ll weakly cogenerates £) (i.e. we have ^DM e g ll = {0}, see Nota- 
tion). 

9. Let a sequence i n £ I , n > 0, be increasing (i.e. i n+ i > i n for any 
n > 0) unbounded (see Notation). Then for all functors X : I — > D' , 
we have functorial distinguished triangles in D : 



e is the product of id Xin © — 4> n '■ X in+1 — > X in ; here <p n are the mor- 
phisms coming from I via X . 



P^ iei x t ) -* P ([[x ln ) 4p(IJ*J; 



(27) 
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10. There exists a differential graded enhancement for D ; see $5. 1\ below. 



Remark 3.1.2. 1. Since below we will prove some statements for ® only using 
its 'axiomatics' (i.e. the properties listed in Proposition 13. 1 . lj) . these results 
would also be valid in any other category that fulfills these properties. This 
could be useful, since the author is not sure at all that all possible D are 
isomorphic. 

2. Moreover, one could modify the axiomatics of D and consider instead 
a category that would only contain the triangulated subcategory of DM^ 
generated by motives of smooth varieties of dimension < n (for a fixed n > 0). 
Our results and arguments below can be easily carried over to this setting 
(with minor modifications; it is also useful here to weaken condition [S] in the 
Proposition). This makes sense since these 'geometric pieces' of DM^ are 
self-dual with respect to Poincare duality (at least, if char A; = 0); see §6.41 
below. See also Remark 14.5.2( 2). 

Alternatively, we can weaken the condition for the functor DM e g ll — > D 
to be a full embedding. For example, it could be interesting to consider the 
version of D for which this functor kills DM^(n) (for some fixed n > 0). 

Lastly note that we do not really need condition [2] in its full generality 
(below). 

Now we derive some consequences from the axiomatics listed. 

Corollary 3.1.3. 1. For any Z E ObjDM e g f J C ObjD, any X : L ->■ D' 
we have D(p(hm^ X t ), Z) = lim^ 2)(p(X,), Z). 

2. For any T G ObjD, all functors Y : I — >■ D' we have functorial short 
exact sequences 



{0} -> hm 1 D(T,p(r,)[-l]) S)(T,p(Hmy,)) hmD(T,p(r,)) {0}; 



3. For all functors X : L — > C b (SmCor) , Y : I C b (SmCor) , we have 
functorial short exact sequences 




{0} -> l^ 1 g /lhn iei I)(M 9m (XO,M sm (r j )[-l])) 
®(pQ^ leL j{X l )),p(]£m. eI j{Y i ))) 



(28) 



60 



4- T) is idempotent complete. 

Proof. 1. If Z G M gm (C b (SmCor)), then the assertion is exactly Propo- 
sition SUED. 

It remains to note that any Z G ObjDMgH is a retract of some object 
coming from C b {SmCor). 

2. Since inverse limits and their derived functors do not change when 
we replace a projective system by any unbounded subsystem, we can 
assume that L consists of some i n as in ( 1271) . 

Now, (127ft yields a long exact sequence 

...-». H©(T lP (y 4 )[-i]) -4 n©(r,p(^)[-i]) -+ ®(T,p(fe e/ y)) 

-> n s)(T, P (y)) 4 n D(T, P (y)) -)...., 

iel iel 
here / and g are induced by e in (12 7J . 
It is easily seen that Ker g = bjn2)(T, M gm (Y m )). 

Lastly, Remark A. 3. 6 of jNeeOl] allows to identify Coker / with hm 1 D(T, M gm {Y m )[-l\). 

3. Immediate from the previous assertions. 

4. Since !D' is closed with respect to all inverse limits, it is closed with 
respect to all (small) products. Then Proposition 13.1. lT f2|) yields that D 
is also closed with respect to all products. Now, Remark 1.6.9 of |Nee01| 
yields the result (in fact, the proof uses only countable products). 

□ 

We will often call the objects of D comotives. 
3.2 Pro-schemes and their comotives 

Now we have certain inverse limits for objects (coming from) C b (SmCor); 
this allows to define (reasonable) comotives for certain schemes that are not 
(necessarily) of finite type over k (and for their disjoint unions). We also 
define certain Tate twists of those. 

We will call certain ind-schemes over k pro-schemes. An ind-scheme V/k 
is a pro-scheme if it is a countable disjoint union of schemes, such that each 
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of them is a projective limit of smooth varieties of dimension < cy for some 
fixed cy > (in the category of schemes) with connecting morphisms being 
open dense embeddings. One may say that a pro-scheme is a countable 
disjoint union of countable intersections of smooth varieties. Note that (the 
spectrum of) any function field over k is a pro-scheme; any smooth fc-variety 
is a pro-scheme also. We have the operation of countable disjoint union for 
pro-schemes of bounded dimension. 

Now, we would like to present a (not necessarily connected) pro-scheme V 
as projective limits of smooth varieties Vi. This is easy if V is connected (cf. 
Lemma 3.2.9 of |Deg08a| ). In the general case one should allow (formally) 
zero morphisms between connected components of V{ (for distinct i). So 
we consider a new category SmVar' containing the category of all smooth 
varieties as a (non-full!) subcategory. We take ObjSmVar' = SmVar; for 
any smooth connected varieties 1,7 6 SmVar we have SmVar' [X, Y) = 
Mory ar (X,Y) U {0}; the composition of a zero morphism with any other 
one is zero; SmVar' (\JiXi,UjYj) = UijSmVar'(Xi,Yj). SmVar' can be 
embedded into SmCor (certainly, this embedding is not full). 

We will write V = HmV; (this is not possible in the category of ind- 
schemes, but works in Pro —SmVar'). Note that the set of connected com- 
ponents of V is the inductive limit of the corresponding sets for Vi. 

Now, for any pro-scheme V = Urn Vi, any s > 0, we introduce the following 
notation: M gm (V)(s) = p( hm (j(V^)(s))) G ObjD (see Proposition 13 . 1 . 1 j) ; we 
will denote M gm (V)(0) by M gm (V) and call M gm (V) the comotif of V. This 
notation should be considered as formal i.e. we do not define Tate twists on 

© (till El - 

Obviously, if V G SmVar, its comotif (and its twists) coincides with its 
motif (and its twists), so we can use the same notation for them. 

If A is a category closed with respect to filtered direct limits, H' : 
DMgK — > A is a functor, we can (formally) extend it to co-motives in ques- 
tion; we set: 

H(M gm (V)(s)[n]) = \v^H'(M gm (Vi)(s)[n}). (29) 

Remark 3.2.1. 1. For a general H' this notation should be considered as 
formal. Yet in the case H' = (-,Y) : D -> Ab, Y G ObjDMfJ C ObjD, 
we have H{M gm {V){i)[n\) = ®(M gm (V)(i)[n], X); see Corollary E|l), i.e. 
( 12"9"|) yields the value of a well-defined functor D Ab at M gm (V)(s)[n}. We 
will only need H' of this sort till §4.31 
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More generally, there exists such an H if A satisfies AB5 and H' is coho- 
mological; we will call the corresponding H an extended cohomology theory, 
see Remark 14.3.21 below. 

2. Let be a countable set of pro-schemes (of bounded dimensions). 



Then M gm (UV j ) = Y\M gm {V j ) by Proposition [3X110). 

Besides, for any H' as in Q2SP we have H{M gm {UV j ){s)[n}) = H{M gm {V j ){s)[n]). 



Below we will need some conventions for pro-schemes. 
For pro-schemes U = lim Uj and V = limVj we will call an element of 



double limit of open embeddings C/j — > Vj (as varieties). If U = V \ W for 
some pro-scheme W, we will say that W is a closed sub-pro-scheme of V. 
Note that in this case any connected component of W is a closed subscheme 
of some connected component of V; yet some components of V could contain 
an infinite set of connected components of W. 

For V = UVi , are connected pro-schemes, we will call the maximum 
of the transcendence degrees of function fields of the dimension of V (note 
that this is finite). We will say that a sub-pro-scheme U = L\U m , U m are 
connected, is everywhere of codimension r (resp. > r, for some fixed r > 0) 
in V = UVi if for every induced embedding U m — > the difference of their 
dimensions (defined as above) is r (resp. > r). 

We will call the inverse limit of the sets of points of Vi of a fixed codimen- 
sion s > the set of points of V of codimension s (note that any element of 
this set indeed defines a point of some connected component of V). 

3.3 Primitive schemes: reminder 

In [Wal98j M. Walker proved that primitive schemes in the case of an infinite 
A; have 'motivic' properties similar to those of smooth semi-local schemes 
(in the sense of §4.4 of [VoeOObJ). Since we don't want to discriminate the 
case of a finite k, we will modify slightly the standard definition of primitive 
schemes. 

Definition 3.3.1. If k is infinite then a (pro-)scheme is called primitive if 
all of its connected components are affine and their coordinate rings Rj sat- 
isfy the following primitivity criterion: for any n > every polynomial in 
Rj[Xi, . . . ,X n ] whose coefficients generate Rj as an ideal over itself, repre- 
sents an i?j-unit. 




an open 




g if it can be obtained as a 
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If k is finite, then we will call a pro-scheme primitive whenever all of its 
connected components are semi-local (in the sense of §4.4 of |Voe00b| ). 

Remark 3.3.2. Recall that in the case of infinite k all semi-local fc-algebras 
satisfy the primitivity criterion (see Example 2.1 of [Wal98j). 

Below we will mostly use the following basic property of primitive schemes. 

Proposition 3.3.3. Let S be a primitive pro-scheme, let So be the collection 
of all of its generic points; F is a homotopy invariant presheaf with transfers. 
Then F(S) C F(Sq); here we define F on pro-schemes as in (d^). 

Proof. We can assume that S is connected (so it is a smooth primitive 
scheme) . 

Hence in the case of infinite k our assertion follows from Theorem 4.19 of 
|Wal98J . Now, if k is finite, then S is semi-local (by our convention); so we 
may apply Corollary 4.18 of |Voe00b| instead. 

□ 

3.4 Basic motivic properties of primitive schemes 

We will call a primitive pro-scheme just a primitive scheme. We prove certain 
motivic properties of primitive schemes (in the form in which we will need 
them below). 

Proposition 3.4.1. For F G Ob]DM e J s we define H'(-) = DMt ff (-,F) 
on DMgf[ ; we also define H(M gm (V)(i)[n\) as in (2$) . Let S be a primitive 
scheme, m > 0, i G Z. 

1. Let F G DMt^ 1 -^ 1 (t is the homotopy t-structure, that we considered 
in mp . Then H{M gm {S){m)[m\) = {0}. 

2. More generally, for any F G ObjDM e J f we have H{[M gm (S){m)[m\) = 
F® m (S) where F° = F t=0 , F® m is the m-th Tate twist of F° (see Definition 

gup . 

Proof. 1. We consider the homotopy invariant presheaf with transfers F_ m : 
X ^ DMl ff '(M gm (X)(m)[m), F). We should prove that F_ m (S) = (here 
we extend F_ m to pro-schemes in the usual way i.e. as in f l29|) ). 

fl29|) also yields that F_ m (US'j) = F_ m (5 , i ). Hence by Proposition ^. 3. 3[ 
it suffices to consider the case of S being (the spectrum of) a function field 
over k. Since F_ m is represented by an object of DM e ]^ l -~ x (see Proposition 
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11.4.2( 2)). it suffices to note that any field is a Henselian scheme i.e. a point 
in the Nisnevich topology. 

2. By Proposition II A.2\ for any X G SmVar we have Mg m (X)(m)[m] _L 
DM^ ft - x . Hence we can assume F G DMt fft ^°. 

Next, using assertion 1, we can easily reduce the situation to the case 
F = F t=0 G ObjHI (by considering the t-decomposition of F[— 1]). In this 
case the statement is immediate from Proposition II. 4. 2T l). 

□ 

Lemma 3.4.2. Let U — >■ ?/' be an open dense embedding of smooth varieties. 

1. We have Gone(M gm (U) -> M gm (C/')) G DM e J ft -~ l . 

2. Let S be primitive. Then for any n, m, i > the map 

D(M gm (S)(m)[m] } M gm (U)(n)[n+t}) ^ ®(M gm (S)(m)[m}, M gm {U'){n)[n+t}) 
is surjective. 

Proof. 1. We denote Cone(M gm (U) -> M gm (U')) G DM e J St ^- 1 by C. Ob- 
viously, C G DMl fft ^°. Let # denote C" =0 (if G ObjHI). By Corollary 
4.19 of [VoeOOb , we have H(U) C if ([/'). Next, from the long exact sequence 
{0}(= DMl ff (M gm (U)[l],H)) -> DMt ff (C,H) -> DMt ff (U',H) -> DMl ff (U,H) ->■ 

... we obtain C L if . Then the long exact sequence ► DM e J f {C l -~ l [2] , if) -)■ 

DMl ff (H, H) ->■ DMl ff (C, H)^ ... yields if = 0. 

2. It suffices to check that M flm (5 , )(m)[m] JL C(n)[n+z]. Since M gm (L r )(n)[n] 
is canonically a retract of M gm (U x GJJ,), we can assume that n = 0. 

Now the claim follows immediately from assertion 1 and Proposition 

mni). 

□ 

3.5 On morphisms between the comotives of primitive 
schemes 

We will need the fact that certain 'positive' morphism groups are zero. 

Let n,m,> 0, z > 0, Y = ffixiY; (/ G L), be any pro-scheme, X be a 
primitive scheme. 

Proposition 3.5.1. 1. The natural homomorphism 

S>{M gm (X)(m)[m],M gm (Y)[n](n)) 

l^(hm xcz ze5myar DM e g s J(Z (m) [m] , M gm (Yj) (n) [n] ) ) 
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is surjective. 

2. M gm {X){m)[m} ± M gm (Y)[n + i](n) . 

Proof. Note first that by the definition of the Tate twist (1), it can be lifted 
to C\SmCor). 

1. This is immediate from the short exact sequence (|28|) . 

2. By Remark 13.2.1( 2). we may suppose that Y is connected. Then we 
apply (|28|) again. The corresponding lim-term is zero by Proposition 
13.4.1( 1). Lastly, the surjectivity provectTn Lemma [3.4.2( 2) yields that 

the corresponding h_m 1 -term is zero. Indeed, the groups 3) (M gm (X)(m) [m], M gm {Yi)[n+ 

i — l](w)) obviously satisfy the Mittag-Leffler condition; see §A.3 of 

[NeeOlj . 

In fact, one could easily deduce the assertion from the results of the 
previous subsection and (|27|) directly (we do not need much of the 
theory of higher limits in this paper). 

□ 

Remark 3.5.2. In fact, this statement, as well as all other properties of (prim- 
itive) pro-schemes that we need, are also true for not necessary countable 
disjoint unions of (primitive) pro-schemes. This observation could be used 
to extend the main results of the paper to a somewhat larger category; yet 
such an extension does not seem to be important. 

3.6 The Gysin distinguished triangle for pro-schemes; 
'Gersten' Postnikov towers for the comotives of pro- 
schemes 

We prove that we can pass to countable homotopy limits in Gysin distin- 
guished triangles. 

Proposition 3.6.1. Let Z,X be pro-schemes, Z a closed subscheme of X 
(everywhere) of codimension r. Then for any s > the natural morphism 
M gm (X \ Z)(s) — » M gm (X)(s) extends to a distinguished triangle (in D): 
M gm (X \ Z)(s) -> M gm (X)(s) -> M gm (Z)(r + s)[2r\. 
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Proof. First assume s = 0. 

We can assume X = l^mXi, Z = lim Zj for i G /, where Xj, Zj G SmVar, 
Zj is closed everywhere of codimension r in Xj for all i G /. 

We take Fj = \ Zj — >• Xj), F = p(l^m igJ F). By parts 1 and E of 
Proposition 13 . 1 . 1 1 we have a distinguished triangle M gm (X\Z) — > M 9m (X) — > 
F. 

It remains to prove that F = M gm (Z) (r) [2r] . Proposition 2.4.5 of |Deg08a 
(a functorial form of the Gysin distinguished triangle for Voevodsky's mo- 
tives) yields that p(F) = M gm (Zi)(r)[2r]; moreover, the connecting mor- 
phisms p(Fj) — > p(Y i+ i) are obtained from the corresponding morphisms 
M gm (Zi) — > M gm (Z i+ i) by tensoring by Z(r)[2r]. It remains to recall: by 
Proposition 13 . 1 . !LW j) . the isomorphism class of a homotopy limit in D can be 
completely described in terms of (objects and morphisms) of D (i.e. we don't 
have to consider the lifts of objects and morphisms to D'). This yields the 
result. 

Now, since M gm (X x G m ) = M gm {X) M gm (X)(l)[l] for any X G 
SmVar (hence this is also true for pro-schemes), the assertion for the case 
s = yields the general case easily. □ 

Now we will construct a certain Postnikov tower Po(X) for X being the 
(twisted) comotif of a pro-scheme Z that will be related to the coniveau 
spectral sequences (for cohomology) of Z; our method was described in §1.51 
above. Note that we consider the general case of an arbitrary pro-scheme Z 
(since in this paper pro-schemes play an important role); yet this case is not 
much distinct from the (partial) case of Z G SmVar. 

Corollary 3.6.2. We denote the dimension of Z by d (recall the conventions 

For all i > we denote by Z % the set of points of Z of codimension i. 
For any s > there exists a Postnikov tower for X = M gm (Z)(s)[s] such 
that I = 0, m = d + 1, X { = H zeZ i M gm (z)(i + s)[2i + s]. 

Proof. As above, it suffices to prove the statement for s = 0. Since any 
product of distinguished triangles is distinguished, we can assume Z to be 
connected. 

We consider a projective system L whose elements are sequences of closed 
subschemes = Z^+i C Z^ C Zd-i C • • ■ C Z . Here Z G SmVar, 
Zi G Var for / > 0, Z is open in Z (see §3.2} Z is connected; in the case 
when Z G SmVar we only take Z = Z); for all j > we have: Zj is 
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everywhere of codimension > j in Z ; all irreducible components of all Zj 
are everywhere of codimension > j in Z ; and Zj+\ contains the singular 
locus of Zj (for j < d). The ordering in L is given by open embeddings of 
varieties Uj = Zq \ Zj for j > 0. For I G L we will denote the corresponding 
sequence by = Z l d+1 C Z l d C C • • ■ C Z l . Note that L is countable! 

By the previous proposition, for any j we have a distinguished triangle 
M 5m (hm(4 \ Zj)) M 9m (hm(Z< \ M, m (hm(Zj \ Zj +1 )(j)[2j]). 

It remains to compute the last term; we fix some j. 

We have jjim^^j \ = \\ z ^M gm {z). Indeed, for all Z 6 L 

the variety \ Zj +1 is the disjoint union of some locally closed smooth 
subschemes of Z l of codimension j; for any zq G Z j for I G L large enough 
Zo is contained in Zj \ Z l j +l as an open sub-pro-scheme, and the inverse limit 
of connected components of Zj \ Z l j +1 containing z is exactly z . Now, we 
can apply the functor X i-> M gm (X)(j)[2j] to this isomorphism. We obtain 
M gm {^m{Z) \ Z l j+l ){j)[2j\) = ]\ zeZl M gm {z){%). This yields the result. 

□ 

Remark 3.6.3. 1. Alternatively, one could construct Po(X) for the (twisted) 
comotif of a pro-scheme T = hmT' as the inverse limit of the Postnikov 
towers for T l (constructed as above yet with fixed Z\ = T ); certainly, to this 
end one should pass to the limit in Q'. It is easily seen that one would get 
the same tower this way. 

2. Certainly, if we shift a Postnikov tower for M gm (Z)(s)[s] by [j] for 
some j G Z, we obtain a Postnikov tower for M gm (Z)(s)[s + j]. We didn't 
formulate assertion 2 for these shifts only because we wanted X p to belong 
to Df =0 (see Proposition 14. 1 . ll below) . 

3. Since the calculation of X % used Proposition I3.1.1H19] ). our method 
cannot describe connecting morphisms between them (in D). Yet one can 
calculate the 'images' of the connecting morphisms in '£) naive ^ se e §1.51 and 

4 Main motivic results 

The results of the previous section combined with those of §2.21 allow us to 
construct (in §4.ip a certain Gersten weight structure w on a certain trian- 
gulated £> s : DM e JJ C T) s C £>. Its main property is that the comotives 
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of function fields over k (and their products) belong to Hw . It follows im- 
mediately that the Postnikov tower Po(X) provided by Corollary 13.6.21 is a 
weight Postnikov tower with respect to w. Using this, in §4.21 we prove: if 
S is a primitive scheme, Sq is its dense sub-pro-scheme, then M gm (S) is a 
direct summand of M gm (So); M gm {K) (for a function field K/k) contains (as 
retracts) the comotives of primitive schemes whose generic point is K, as well 
as the twisted comotives of residue fields of K (for all geometric valuations). 

In §4.3l we (easily) translate these results to cohomology; in particular, the 
cohomology of (the spectrum of) K contains direct summands corresponding 
to the cohomology of primitive schemes whose generic point is K, as well 
as twisted cohomology of residue fields of K. Here one can consider any 
cohomology theory H : D s — > A- one can obtain such an H by extending 
to D s any cohomological H' : DM g ff — y A if A satisfies AB5 (by means 
of Proposition ll.2.ip . Note: in this case the cohomology of pro-schemes 
mentioned is calculated in the 'usual' way. 

In §4.41 we consider weight spectral sequences corresponding to (the Ger- 
sten weight structure) w. We observe that these spectral sequences general- 
ize naturally the classical coniveau spectral sequences. Besides, for a fixed 
H : 2) s — > A our (generalized) coniveau spectral sequence converging to 
H*(X) (where X could be a motif or just an object of D s ) is 2) s -functorial 
in X (i.e. it is motivically functorial for objects of DM g ^); this fact is 
non-trivial even when restricted to motives of smooth varieties. 

In §4.51 we prove that there exists a nice duality D op x DM e J^ — > Ah (ex- 
tending the bi-functor DMl ff (-, -) : DM^ op xDM e J S -> Ab); the Gersten 
weight structure w (on D s ) is left orthogonal to the homotopy t-structure t 
on DM e J^ with respect to it. This allows to apply Theorem 12.6.11 in the 
case when H comes from Y G OhjDM_ we prove the isomorphism (starting 
from E 2 ) of (the coniveau) T(H,X) with the spectral sequence correspond- 
ing to the t-truncations of Y. We describe OhjDMgH fl Q™- 1 in terms of t 
(for DMt ff ). We also note that our results allow to describe torsion motivic 
cohomology in terms of (torsion) etale cohomology (see Remark 14.5.4( 4)). 

In §4.61 we define the coniveau spectral sequence (starting from E 2 ) for 
cohomology of a motif X over a not (necessarily) countable perfect base field 
/ as the limit of the corresponding coniveau spectral sequences over countable 
perfect subfields of definition for X. This definition is compatible with the 
classical one (for X being the motif of a smooth variety) ; so we obtain motivic 
functoriality of classical coniveau spectral sequences over a general base field. 
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In §4.71 we prove that the Chow weight structure for DM^H (introduced 
in §6 of [Bon07j) could be extended to D (certainly, the corresponding weight 
structure Wchow differs from to). We will call the corresponding weight spec- 
tral sequences Chow-weight ones; note that they are isomorphic to classical 
(i.e. Deligne's) weight spectral sequences when the latter are defined. 

In §4.81 we use the results §2.71 to compare coniveau spectral sequences 
with Chow-weight ones. We always have a comparison morphism; it is an 
isomorphism if H is a birational cohomology theory. 

In §4.91 we consider the category of birational comotives Dur (a certain 
'completion' of birational motives of |KaS02j ) i.e. the localization of D by 
2}(1). It turns our that w and Wchow induce the same weight structure w' bir 
on T>bi r . Conversely, starting from w' bir one can glue 'from slices' the weight 
structures induced by w and Wchow on D/D(n) for all n > 0. Furthermore, 
these structures belong to an interesting family of weight structures indexed 
by a single integral parameter; other terms of this family could be also inter- 
esting! 

4.1 The Gersten weight structure for D s D DM e g H 

Now we describe the main weight structure of this paper. Unfortunately, the 
author does not know whether it is possible to define the Gersten weight 
structure (see below) on the whole D. Yet for our purposes it is quite 
sufficient to define the corresponding weight structure on a certain trian- 
gulated subcategory D s C D containing DM e g ll (and the comotives of all 
pro-schemes) . 

In order to make the choice of T> s C D compatible with extensions of 
scalars, we bound certain dimensions of objects of Hw . 

We will denote by H the full subcategory of D whose objects are all 
countable products Yl l€L M gm (Ki)(ni)[ni]\ here Ki are (the spectra of) func- 
tion fields over k, ni > 0; we assume that the transcendence degrees of Ki/k 
and ni are bounded. 

Proposition 4.1.1. 1. Let D s be the Karoubi- closure of (H) in D. Then 
C_ = D s can be endowed with a unique weight structure w such that Hw 
contains H. 

2. Hw is the idempotent completion of H. 

3. D s contains DM^H as well as all M gm (Z)(l) for Z being a pro-scheme, 
I > 0. 
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4- For any primitive S, i > 0, we have M gm (S)(i)[i] G 5)™ °. 

5. Let Z be a pro-scheme, s > 0. Then M gm (Z)(s)[s] G the Post- 

nikov tower for M gm (Z)(s)[s] given by Corollary \3. 6.2\ is a weight Postnikov 
tower for it. 

Proof. 1. By Proposition 13.5. IT 2) . H is negative (since any object of H is 
a finite sum of M gm (Xi)(mi) for some primitive pro-schemes Xj, rrii G Z). 
Besides, D is idempotent complete (see Corollary 13.1.3( 4)); hence T) s and 
Df =0 also are. Hence we can apply Theorem 12 . 2 . 1 lfi~8]) (for D = H). 

2. Also immediate from Theorem 12.2.1 IffTH]) . 

3. M gm (Z)(l) G ObjD s by Corollary 13.6.2} in particular, this is true 
for Z G SmVar. It remains to note that DM g £f is the Karoubization of 
(MgJJJ) : U G SmVar) in 2). 

4. It suffices to note that M gm (S)(i)[i] belongs both to Df^° and to £>^° 
by Theorem 12.2.1 lEUj) . Here we use Proposition 13.5. 1T 2) again. 

5. We have X i G D™ =0 . Hence Theorem [SZEQjm) yields the result. Note 
here that we have Yq = in the notation of Definition 12.1.2( 9). 

□ 

We will call w the Gersten weight structure, since it is closely connected 
with Gersten resolutions of cohomology (cf. §4.51 below). By default, below 
w will denote the Gersten weight structure. 

Remark 4.1.2. 1. Hw is idempotent complete since D s is. 

2. In fact, one could easily prove similar statements for C_ being just {H) 
(instead of its Karoubization in £)). Certainly, for this version of C_ we will 
only have C D M gm (K\SmCor)). 

Besides, note that for any function field K' /k, any r > 0, there exists 
a function field K/k such that M gm (K')(r)[r] is a retract of M gm (K) (see 
Corollary 14.2.21 below). Hence it suffices take H being the full subcategory 
of D whose objects are Y[i£LM gm {Ki) (f° r bounded transcendence degrees 
oiK t /k). 

3. The proposition implies that D s is exactly the Karoubization in D of 
the triangulated category generated by the comotives of all pro-schemes. 

4. The author does not know whether one can describe weight de- 
compositions for arbitrary objects of DM^ explicitly. Still, one can say 
something about these weight decompositions and weight complexes using 
their functoriality properties. In particular, knowing weight complexes for 
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X,Y G ObjDMgll (or just G ObjDM s ) one can describe the weight com- 
plex of X — > Y up to a homotopy equivalence as the corresponding cone 
(see Lemma [6.1.11 below). Besides, let X — > Y — > Z be a distinguished tri- 
angle (in £>). Then for any choice of (I^ ,!^ 1 ) and (Z w ^°, Z w ^) there 
exists a choice of (Y W -°,Y W - 1 ) such that there exist distinguished triangles 
jspKO _^ Y w ^° -> and I^ 1 -> F^ 1 -> Z^ 1 ; see Lemma 1.5.4 

of [Bon07j. In particular, we obtain that j maps complexes (over SmCor) 
concentrated in degrees < j into (we will prove a stronger statement 

in Remark 14.5.4( 4) below). If X G ObjDM^ comes from a complex over 
SmCor whose connecting morphisms satisfy certain codimension restrictions, 
these observations could be extended to an explicit description of a weight 
decomposition for it; cf. §7.4 of |Bon07| . 

4.2 Direct summand results for comotives 

Proposition 14. 1 . ll easily implies the following interesting result. 

Theorem 4.2.1. 1. Let S be a primitive scheme; let So be its dense sub- 
pro-scheme. Then M gm (S) is a direct summand of M gm (So) . 

2. Suppose moreover that Sq = S\T where T is a closed subscheme of S 
everywhere of codimension r > 0. Then we have M gm (So) = M gm (S) @ M gm (T)(r)[2r— 

1]- 

Proof. We can assume that S and Sq are connected. 

1. By Proposition SXTJ5), we have: M gm (S ), M gm (S) G D^°; M 9m (Spec(A;(5))) 
could be assumed to be the zeroth term of their weight complexes for a choice 

of weight complexes compatible with some negative Postnikov weight towers 
for them; the embedding Sq — > S is compatible with idM gm (Spcc(k(s))) (since 
we have a commutative triangle Spec k(S) — > Sq — > S of pro-schemes). Hence 
Theorem 12 . 2 . 1 II 1 6 p yields the result. 

2. By Proposition 13.6.11 we have a distinguished triangle M gm (So) — > 
M gm (S) — > M gm (T)(r)[2r]. By parts 4 and 5 of Proposition 14.1.11 we have 
M gm (S ) G 2)^°, M gm (S) G M gm (T)(r)[2r] G Q™-~ r C D^- 1 . 
Hence Theorem 12.2. Ifl 5]) yields the result. 

□ 

Corollary 4.2.2. 1. Let S be a connected primitive scheme, let Sq be its 
generic point. Then M gm (S) is a retract of M gm (So) ■ 



72 



2. Let K be a function field over k. Let K' be the residue fields for a 
geometric valuation v of K of rank r. Then M gm (K')(r)[r] is a retract of 
M gm (K). 

Proof. 1. This is just a partial case of part 1 of the the theorem. 

2. Obviously, it suffices to prove the statement in the case r — 1. Next, 
K is the function field of some normal projective variety over k. Hence there 
exists a U £ SmVar such that: k(U) = K, v yields a non-empty closed 
subscheme of U (since the singular locus has codimension > 2 in a normal 
variety). It easily follows that there exists a pro-scheme S (i.e. an inverse 
limit of smooth varieties) whose only points are the spectra of K and K Q . 
So, S is local, hence it is primitive. 

By part 2 of the theorem, we have 

M gm (SpecK) = M gm (S)Q)M gm (SvecK )(l)[l\; 
this concludes the proof. 

□ 

Remark 4.2.3. 1. Note that we do not construct any explicit splitting mor- 
phisms in the decompositions above. Probably, one cannot choose any canon- 
ical splittings here (in the general case); so there is no (automatic) com- 
patibility for any pair of related decompositions. Respectively, though the 
comotives of (spectra of) function fields contain tons of direct summands, 
there seems to be no general way to decompose them into indecomposable 
summands. 

2. Yet PropositionEHHeasily yields that M gm (Spec k(t)) = Z®H E M gm (E) 
here E runs through all closed points of A 1 (considered as a scheme over k) . 

4.3 On cohomology of pro-schemes, and its direct sum- 
mands 

The results proved above immediately imply similar assertions for cohomol- 
ogy. We also construct a class of cohomology theories that respect homotopy 
limits. 

Proposition 4.3.1. Let H : D s — > A be cohomological, S be a primitive 
scheme. 
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1. Let Sq be a dense sub-pro-scheme of S. Then H(M gm (S)) is a direct 
summand of H (M gm (S )) . 

2. Suppose moreover that So = S\T where T is a closed subscheme of S of 
codimensionr > 0. Then we have H (M gm (S )) = H(M gm (S)) H(M gm (T)(r)[2r- 
!])• 

3. Let S be connected, Sq be the generic point of S . Then H(M gm (S)) is 
a retract of H(M gm (So)) in A. 

4- Let K be a function field over k. Let K' be the residue field for a 
geometric valuation v of K of rank r. Then H(M gm (K')(r)[r}) is a retract 
ofH(M gm (K)) in A. 

5. Let H' : DM g K — >■ A be a cohomological functor, let A satisfy AB5. 
Then Proposition \1.2.1\ allows to extend H' to a cohomological functor H : 
D — > A that converts inverse limits in D' to the corresponding direct limits 
in A. 

Proof. 1. Immediate from Theorem 14.2.1( 1). 

2. Immediate from Theorem 14.2.1( 2). 

3. Immediate from Corollary 14 . 2 . 2( 1 ) . 

4. Immediate from Corollary 14.2.2( 2). 

5. Immediate from Proposition II. 2.1] note that DM g fJ is skeletally small. 
Here in order to prove that H converts homotopy limits into direct limits we 
use part 12 of loc.cit. and Proposition 13. 1 . 1W |) . 

□ 

Remark 4.3.2. 1. In the setting of assertion 5 we will call H an extended 
cohomology theory. 

Note that for H' = DM^(-,Y), Y e ObjDMffl, we have H = 
2)(-,y); see ®. 

2. Now recall that for any pro-scheme Z, any i > 0, M gm (Z)(i) (by 
definition) could be presented as a countable homotopy limit of geometric 
motives. Moreover, the same is true for all small countable products of 
M gm (Zi)(i). Hence if H is extended, then the cohomology of Y\M gm {Z{){i) 
is the corresponding direct limit; this coincides with the definition given by 
(1291) (cf. Remark EX5). 

In particular, one can apply the results of Proposition 14.3.11 to the usual 
etale cohomology of pro-schemes mentioned (with values in Ab or in some 
category of Galois modules). 

3. If H' is also a tensor functor (i.e. it converts tensor product in 
DM g ll into tensor products in D(A)), then certainly the cohomology of 
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M gm (K')(r)[r] is the corresponding tensor product of H*(M gm (K')) with 
H*(1i(r)[r]). Note that the latter one is a retract of H*(G r m ); we obtain the 
Tate twist for cohomology this way. 

4.4 Coniveau spectral sequences for cohomology of (co)motives 

Let H : D° s p — > A be a cohomological functor, X G ObjT) s . 

Proposition 4.4.1. 1. Any choice of a weight spectral sequence T(H,X) (see 
Theorem \2.4-2\ ) corresponding to the Gersten weight structure w is canonical 



and D s -functorial in X starting from E 2 . 

2. T(H,X) converges to H{X). 

3. Let H be an extended theory (see Remark 4-3.2), X = M gm (Z) for 



Z G SmVar. Then any choice of T(H, X) starting from E 2 is canonically 
isomorphic to the classical coniveau spectral sequence (converging to the H- 
cohomology of Z; see §1 of ]CHK97j ). 

Proof. 1. This is just a partial case of Theorem 12.4.2( 1). 

2. Immediate since w is bounded; see part 12 of loc.cit. 

3. Recall that in the proof of Corollary 13.6.21 a certain Postnikov tower 
Po(X) for X was obtained from certain 'geometric' Postnikov towers (in 
j(C b (SmCor))) by passing to the homotopy limit. Now, the coniveau spec- 
tral sequence (for the if-cohomology of Z) in §1.2 of [CHK97 



was con- 



structed by applying H to the same geometric towers and then passing to 
the inductive limit (in A). Furthermore, Remark 14.3.2( 2) yields that the 
latter limit is (naturally) isomorphic to the spectral sequence obtained via 
H from Po(X). Next, since Po(X) is a weight Postnikov tower for X (see 
Proposition 14.1. 11 5)). we obtain that the latter spectral sequence is one of 
the possible choices for T(H,X). 

Lastly, assertion 1 yields that all other possible T(H, X) (they depend 
on the choice of a weight Postnikov tower for X) starting from E 2 are also 
canonically isomorphic to the classical coniveau spectral sequence mentioned. 

□ 

Remark 4.4.2. 1. Hence we proved (in particular) that classical coniveau 
spectral sequences (for cohomology theories that could be factorized through 
motives; this includes etale and singular cohomology of smooth varieties) are 
DM|^/-functorial (starting from E2); we also obtain such a functoriality for 
the coniveau filtration for cohomology! These facts are far from being obvious 
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from the usual definition of the coniveau filtration and spectral sequences, 
and seem to be new (in the general case). So, we justified the title of the 
paper. 

We also obtain certain coniveau spectral sequences for cohomology of 
singular varieties (for cohomology theories that could be factorized through 
DM e g f J- in the case char k > one also needs rational coefficients here). 

2. Assertion 3 of the proposition yields a nice reason to call (any choice of) 
T(H,X) a coniveau spectral sequence (for a general H, A, and X G Obj® s ); 
this will also distinguish (this version of) T from weight spectral sequences 
corresponding to other weight structures. We will give more justification for 
this term in Remark 14.5.41 below. So, the corresponding filtration could be 
called the (generalized) coniveau filtration. 

4.5 An extension of results of Bloch and Ogus 

Now we want to relate coniveau spectral sequences with the homotopy t- 
structure (in DM e J^\ This would be a vast extension of the seminal results 
of §6 of |BOg94| (i.e. of the calculation by Bloch and Ogus of the .E^-terms 
of coniveau spectral sequences) and of §6 of |Deg09|. 

We should relate t (for DM_ ) and w; it turns out that they are orthog- 
onal with respect to a certain quite natural nice duality. 

Proposition 4.5.1. For any Y G ObjDM_* we extend H' = DM_ (—, Y) 

from DMgll to D D D s by the method of Proposition \1.2.1\ we define 
$(X, Y) = H(X). Then the following statements are valid. 

1. $ is a nice duality (see Definition \2.5.1\) . 

2 w is left orthogonal to the homotopy t-structure t (on DM e J^ ) with 
respect to <3>. 

3. $(— ,Y) converts homotopy limits (in D') into direct limits in Ab. 

Proof. 1. By Proposition (23^1), the restriction of $ to DM^ n fop x DM e J f 
is a nice duality. It remains to apply part 3 of loc.cit. 

2. In the notation of Proposition I2.5.3| we take for D the set of all small 
products Y\i;z L Mg m {Ki){ni)[ni\ G ObjD s ; here M gm (K[) denote the como- 
tives of (spectra of) some function fields over k, n\ > and the transcendence 
degrees of K\jk are bounded (cf. §4.ip . Then D, $ satisfy the assumptions 
of the proposition by Proposition I3.4.1T 2) (see also Remark 14.3.2( 2)). 

3. Immediate from Proposition 14.3. 1T 3). 

□ 
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Remark 4.5.2. 1. Suppose that we have an inductive family G ObjDM_ 
connected by a compatible family of morphisms with some Y G DM e _ ff such 
that: for any Z G ObjDMffl we have DMt ff (Z,Y) = \h^DMl ff (Z, 
(via these morphisms Yi — > Y). In such a situation it is reasonable to call Y 
a homotopy colimit of Y^. 

The definition of $ in the proposition easily implies: for any X G ObjD 
we have $pf, Y) = lim$(X, Yi). So, one may say that all objects of D 
are 'compact with respect to whereas part 3 of the proposition yields 
that all objects of DM_ are 'cocompact with respect to Note that no 
analogues of these nice properties can hold in the case of an adjacent weight 
and t-structure (defined on a single triangulated category). 

2. Now, we could have replaced DM g ^f by DM gm everywhere in the 
'axiomatics' of D (in Proposition 13.1.1]) . Then the corresponding category 
Dg m could be used for our purposes (instead of D), since our arguments work 
for it also. Note that we can extend $ to a nice duality x DM e _ f f -> 
Ab; to this end it suffices for Y G ObjDM e J f to extend H' to DM gm in 
the following way: H'(X(-n)) = DMl ff (X,Y(n)) for X G ObjDMfJ C 
ObjDM,,,,,. n > 0. 

Moreover, the methods of §5.4.31 allow to define an invertible Tate twist 
functor on S) gm . 

Corollary 4.5.3. 1. If H is represented by a Y G ObjDM e _ (via our 
$j then for a ( co) motif X our coniveau spectral sequence T(H,X) starting 
from E 2 could be naturally expressed in terms of the cohomology of X with 
coefficients in t -truncations ofY (as in Theorem \2.6. 

In particular, the coniveau filtration for H*(X) could be described as in 
part [H of loc. cit. 

2. For U G ObjDM fj, ieZ, we have U G Df^ U G DMl fft ^\ 

Proof. 1. Immediate from Proposition 14.5.1] 

2. By Theorem 12 .2. 1 lf|20]) . we should check whether Z J_ U for any 
Z = Y\i e L M gm (Ki)(ni)[ni + r], where K\ are function fields over k, ni > 
and the transcendence degrees of Ki/k are bounded, r > (see Proposi- 
tion Ej~Jj2)). Moreover, since U is cocompact in D, it suffices to consider 
Z = M gm (K')(n)[n + r] (K'/k is a function field, n > 0). Lastly, Corollary 
14.2.2( 2) reduces the situation to the case Z = M gm (K) (K/k is a function 
field). 
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Hence (l25p implies: U G Q™- 1 whenever for any j > i, any function field 
K/k, the stalk of U t=j at K is zero. Now, if U G DMl fft ^ then U t=j = for 
all j > i; hence all stalks of U t= ^ are zero. Conversely, if all stalks of C/* =J at 
function fields are zero, then Corollary 4.19 of |Voe00b] yields U t= i = (see 
also Corollary 4.20 of loc.cit.); if U t=j = for all j > i then U G DMl fft ^\ 

□ 

Remark 4.5.4. 1. Our comparison statement is true for F-cohomology of an 
arbitrary X G ObjDMgff; this extends to motives Theorem 6.4 of |Deg09| 
(whereas the latter essentially extends the results of §6 of |BOg94|). We 
obtain one more reason to call T (in this case) the coniveau spectral sequence 
for (cohomology of) motives. 

2. If Y G ObjHI, then ^(T) yields the Gersten resolution for Y (when 
X varies); this is why we called w the Gersten weight structure. 

3. Now, let Y represent etale cohomology with coefficients in Z/ZZ, / is 
prime to char k {Y is actually unbounded from above, yet this is not impor- 
tant). Then the t-truncations of Y represent Z/ZZ-motivic cohomology by the 
(recently proved) Beilinson-Lichtenbaum conjecture (see |Voe 08 j ; this paper 
is not published at the moment). Hence Proposition I2.5.4T 1) yields some new 
formulae for Z/ZZ-motivic cohomology of X and for the 'difference' between 
etale and motivic cohomology. Note also that the virtual t-truncations (men- 
tioned in loc.cit.) are exactly the D 2 -terms of the alternative exact couple 
for T(H, X) and for the version of the exact couple used in the current paper 
respectively (i.e. we consider exact couples coming from the two possible 
versions for a weight Postnikov tower for X, as described in Remark I2.1.3p . 
See also §7.5 of |Bon07] for more explicit results of this sort. It could also 
be interesting to study coniveau spectral sequences for singular cohomology; 
this could yield a certain theory of 'motives up to algebraic equivalence'; see 
Remark 7.5.3(3) of loc.cit. for more details. 

5. Assertion 2 of the corollary yields that Q™-° fl ObjDMgll is large 
enough to recover w (in a certain sense); in particular, this assertion is similar 
to the definition of adjacent structures (see Remark |2.5.7p . In contrast, 
D^-° n ObjDM e ff seems to be too small. 
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4.6 Base field change for coniveau spectral sequences; 
functoriality for an uncountable k 

It can be easily seen (and well-known) that for any perfect field extension l/k 
there exist an extension of scalars functor DM g ^ \ — >■ DM^i compatible 
with the extension of scalars for smooth varieties (and for K b (SmCor)). In 
15.4.21 below we will prove that this functor could be expanded to a functor 
Ext//fc : ®k 2?/ that sends M gm ^(X) to M gm j(Xi) for a pro-scheme X/k; 
this extension procedure is functorial with respect to embeddings of base 
fields. Moreover, Extj/fc maps D s k into D s i. Note the existence of base change 
for comotives does not follow from the properties of D listed in Proposition 
13.1.14 yet one can define base change for our model of comotives (described 
in §5] below) and (probably) for any other possible reasonable version of D. 

Now we prove that base change for comotives yields base change for 
coniveau spectral sequences; it also allows to prove that these spectral se- 
quences are motivically functorial for not necessary countable base fields. 

In order to make the limit in Proposition 14.6. 1T 2) below well-defined, we 
assume that for any X G ObjDM g fJ there is a fixed representative Y,Z,p 
chosen, where: Z, Y G C b (SmCor), M gm {Y) = M gm (Z), p G C b (SmCor)(Y, Z) 
yields a direct summand of M gm {Y) in DM e g ll that is isomorphic to X. We 
also assume that all the components of (X, Y, p) have fixed expressions in 
terms of algebraic equations over k; so one may speak about fields of defini- 
tion for X. 

Proposition 4.6.1. Let I be a perfect field, H : Di — >■ A be any cohomological 
functor (for an abelian A). For any perfect k C I we denote HoExti/k : — > 
A by H k . 

1. Let I be countable. Then for any X G ObjDk the method of Proposition 
\2.7.3( II) yields some morphism Ni/k : T Wk (Hk, X) — > T W[ (H, Extm^X)); this 
morphism is unique and D k- functorial in X starting from E^- 

The correspondence (l,k) h-> jVj/fc is associative with respect to extensions 
of countable fields (starting from E2); cf. part 13 of loc.cit. 

2. Let I be a not (necessarily) countable perfect field, let A satisfy AB5. 
For X G Ob]DM e g lli we define T W (H,X) = lim T Wk (H k , X k ). Here we 

take the limit with respect to all perfect k C I such that k is countable, X 
is defined over k; the connecting morphisms are given by the maps iV_/_ 
mentioned in assertion 1; we start our spectral sequences from Ei- Then 
T W (H,X) is a well-defined spectral sequence that is DM g ^ \- functorial in X. 
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3. If X = M gm j(Z), Z G SmVar, H is as an extended theory, and A sat- 
isfies ABB, the spectral sequence given by the previous assertion is canonically 
isomorphic to the classical coniveau spectral sequence (for (H, Z); considered 
starting from E2). 

Proof. 1. By Proposition 12.7.3( H) it suffices to check that Ext^ fc is left 
weight-exact (with respect to weight structures in question). We take D 
being the class of all small products YlieL M gm (Ki), where M gm (Ki) de- 
note the comotives of (spectra of) function fields over k of bounded tran- 
scendence degree. Proposition 14.1.11 and Corollary 14.2.2( 2) yield that any 
X G ^>sk = ° is a retract of some element of D. It suffices to check that for 
any X = YlieL M gm ,k(Ki) we have Exti/kX G T) s f 1 - ] here we recall that Wk 
is bounded and apply Lemma [2.7.51 

Now, X is the comotif of a certain pro-scheme, hence the same is true for 
Ext;/fcX. It remains to apply Proposition I4.1.1T 5). 

2. By the associativity statement in the previous assertion, the limit is 
well-defined. Since A satisfies AB5, we obtain a spectral sequence indeed. 
Since we have /c-motivic functoriality of coniveau spectral sequences over each 
k, we obtain /-mot i vie functoriality in the limit. 

3. Again (as in the proof of Proposition 14.4.1( 3)) we recall that the 
classical coniveau spectral sequence for this case is defined by applying H 
to 'geometric' Postnikov towers (coming from elements of L as in the proof 
of Corollary I3.6.2j) and then passing to the limit (in A) with respect to L. 
Our assertion follows easily, since each I G L is defined over some perfect 
countable k C I; the limit of the spectral sequences with respect to the subset 
of L defined over a fixed k is exactly T Wk (Hk, X^) since H sends homotopy 
limits to inductive limits in A (being an extended theory). 

Here we certainly use the functoriality of T starting from E 2 . 

□ 

Remark 4.6.2. 1. For a general X G ObjDM g K we only have a canonical 
choice of base change maps (for T(Hk n X)) starting from E2; this is why we 
start our spectral sequence from the i?2-level. 

2. Assertion 2 of the proposition is also valid for any comotif defined 
over a (perfect) countable subfield of I. Unfortunately, this does not seem 
to include the comotives of function fields over I (of positive transcendence 
degrees, if I is not countable). 
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4.7 The Chow weight structure for D 

Till the end of the section, we will either assume that char k = 0, or that we 
deal with motives, comotives, and cohomology with rational coefficients (we 
will use the same notation for motives with integral and rational coefficients; 
cf. below). 

We prove that D supports a weight structure that extends the Chow 
ht structure of DhlfJ (see §6.5 and Remark 6.6.1 of |Bon07| . and also 
|Bon09j ). 

In this subsection we do not require k to be countable. 

Proposition 4.7.1. 1. There exists a Chow weight structure on DM^H that 
is uniquely characterized by the condition that all M gm (P) forP G SmPrVar 
belong to its heart; it could be extended to a weight structure Wchow on D. 

2. The heart of Wchow is the category Hchow °f arbitrary small products 
of (effective) Chow motives. 

3. We have X G D^ ho »>o z f and on i y z f ®(X,Y[i]) = {0} for any 
Y G ObjChow eff , i>0. 

4- There exists a t- structure tchow on D that is right adjacent to Wchow 
(see Remark \2.5. 7j) . Its heart is the opposite category to Chow e ^* (i.e. it is 
equivalent to (AddFun(C 'how ej ' f , Ab)) op ) . 

5- wchow respects products i.e. X { G D 1 " 01 """- =>- Y[X { G £) w cho W <o 
and Xi G ID™ '"""- U x i € ® WCh °™-°. 

6. For Y\Xi there exists a weight decomposition: Y\X{ —¥ Y\ X i~ Q ~^ 
11*,"'. 

7. If H : D — > A is an extended theory, then the functor that sends X to 
the derived exact couple for T WChow (H, X) (see Theorem \2.4-2\ ) converts all 
small products into direct sums. 

Proof. 1. It was proved in (Proposition 6.5.3 and Remark 6.6.1 of) [Bon07j 
that there exists a unique weight structure w' Chow on DM e g ll such that 
M gm (P) G Q w 'chou,=° for all P G SmPrVar. Moreover, the heart of this 
structure is exactly Chow e ^ C DM[ 



eff 
gm 



Now, DMgH is generated by Chow eff . It easily follows that {M gm (P), P G 
SmPrVar} weakly cogenerates D. Then the dual (see Theorem 12.2. HfT Tj)) of 
Theorem 4.5.2(12) of |Bon07| yields that w' Chow could be extended to a weight 
structure Wchow for D. Moreover, the dual to part III of loc.cit. yields that 
for this extension we have: Hw Chpw is the idempotent completion of Hchow 



81 



2. It remains to prove that Hchow is idempotent complete. This is obvious 
since Chow e ^ is. 

3. This is just the dual of (27) in loc.cit. 

4. The dual statement to part 12 of loc.cit. (cf. Remark 11.1.3( 1)) yields 
the existence of tchow- Applying the dual of Theorem 4.5.2(111) of |Bon07] 
we obtain for the heart of t: Ht Ghow = {Chowl^) op . 

5. Theorem 12 . 2 . 1 f[2"| ) easily yields that J)™ ' 101 "- is stable with respect to 
products. The stability of D 1 "*™- with respect to products follows from 
assertion 3; here we recall that all objects of Chow e ^ are cocompact in D. 

6. Immediate from the previous assertion; note that any small product 
of distinguished triangles is distinguished (see Remark 1.2.2 of [NeeOl] ). 

7. Since H is extended, it converts products in D into direct sums 
in A. Hence for any Xi G ObjQ there exist a choice of exact couples 
for the corresponding weight spectral sequences for Xi and Y\Xi that re- 
spects products i.e such that D\ q T Wchow (H, ]J Xi) = 4 D{ q T Wchow (H, XA 
and E^T Wchoa (H,UXi) = 0j Ef q T WChow (H, Xi) (for all p.q G Z; this iso- 
morphism is also compatible with the connecting morphisms of couples). 
Since A satisfies AB5, we obtain the isomorphism desired for D2 and E2- 
terms (note that those are uniquely determined by H and X). 

□ 

Remark 4.7.2. 1. In Remark 2.4.3 of |Bon07| it was shown that weight spec- 
tral sequences corresponding to the Chow weight structure are isomorphic 
to the classical (i.e. Deligne's) weight spectral sequences when the latter 
are defined (i.e. for singular or etale cohomology of varieties). Yet in order 
to specify the choice of a weight structure here we will call these spectral 
sequences Chow-weight ones. 

2. All the assertions of the Proposition could be extended to arbitrary 
triangulated categories with negative families of cocompact weak cogenera- 
tors (sometimes one should also demand all products to exist; in assertion 7 
we only need H to convert all products into direct sums). 

3. Since (effective) Chow motives are cocompact in 2), Hw Chpw is the cat- 

egory of 'formal products' of Chow e " i.e. ©fll,^ X h U ie i Y^ = U ieI (® leL Chow e ^(X h YA) 
for Xi,Y t G ObjChow eff C ObjD (cf. Remark 4.5.3(2) of |Bon07j ). 

4. Recall (see §7.1 of ibid.) that DM_ supports (adjacent) Chow weight 
and t-structures (we will denote them by w' Chow and t' Chow , respectively). One 
could also check that these structures are right orthogonal to the correspond- 
ing Chow structures for D. Hence, applying Proposition I2.5.4T 1) repeatedly 
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one could relate the compositions of truncations (on D s C D) via w and via 
tchow (resp. via w and via Wchow) with truncations via t and via w' Chow (resp. 



via t and via t' Chow ) on DM^ J f ; cf. §8.3 of |Bon07J . One could also apply 



Wc/j OU) -truncations and then w-truncations (i.e. compose truncations in the 
opposite order) when starting from an object of DM g H . Recall also that 
truncations via tchow (and their compositions with t-truncations) are related 
with unramified cohomology; see Remark 7.6.2 of ibid. 



4.8 Comparing Chow- weight and coniveau spectral se- 
quences 

Now we prove that Chow-weight and coniveau spectral sequences are natu- 
rally isomorphic for birational cohomology theories. 

Proposition 4.8.1. 1. Wchow for D dominates w (for D s ) in the sense of 

2. Let H : DM g H — >■ A be an extended cohomology theory in the sense 
of Remark \4 . S. 2\ suppose that H is birational i.e. that H(M gm (P)(l)[i]) = 



for all P G SmPrVar, i G Z. Then for any X G ObjD s the Chow- 
weight spectral sequence T WChow (H, X) (corresponding to Wchow) is naturally 
isomorphic starting from E 2 to (our) coniveau spectral sequence T W (H,X) 
via the comparison morphism M given by Proposition \2. 7. 3( 11). 

Proof. 1. Let D be the class of all countable products YlieL M gm (Ki), where 
M gm (Ki) denote the comotives of (spectra of) function fields over k of bounded 
transcendence degree. Proposition 14. 1 . ll and Corollary 14. 2. 2( 2) yield that any 
X G Q™ =0 is a retract of some element of D. It suffices to check that any 
X = YlieL Mg m (Ki) belongs to J) w chow>o^ we reca u that w is bounded 
and apply Lemma [2.7.51 

By Proposition ^. 7. 1T 5). we can assume that L consists of a single element. 
In this case we have D(M gm (Ki) , M gm (P)[i}) = (this is a trivial case of 
Proposition 13.5.11) : hence loc.cit. yields the result. 

2. We take the same D and X as above. 

Let char k = 0. We choose Pi G SmPrVar such that Ki are their 
function fields. Since all M gm (Pi) are cocompact in T), we have a natural 
morphism X — > Y[M gm {Pi)- By Proposition I2.7.3T I2). it suffices to check 
that Cone(X -> l\M gm (Pi)) e H{X) = H(J\M gm {Pi)), and 

E?T Wohow (H, Cone(X -^UM gm (Pi))) = 0. 
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By Proposition 14.7.1( 7) we obtain: it suffices again to verify these state- 
ments in the case when L consists of a single element. Now, we have 
Spec(^) = \jmM gm (U) for U G SmVar, k(U) = K h Therefore ([27]) yields: 
it suffices to verify assertions required for Z = M gm (U — > P) instead, where 
U G SmVar, U is open in P G SmPrVar. 

The Gysin distinguished triangle for Voevodsky's motives (see Proposi- 
tion 2.4.5 of |Deg08a| ) easily yields by induction that Z G ObjDM^J (1). 

Since Chow e ^ is — Z(l)[2]-stable, we obtain that there exists a wchow- 
Postnikov tower for Z such that all of its terms are divisible by Z(l); this 
yields the vanishing of E**T WChow (H , Z). Lastly, the fact that Z G DM^ w cho W > 
was (essentially) proved by easy induction (using the Gysin triangle) in the 
proof of Theorem 6.2.1 of [Bon09j. 

In the case char A; > 0, de Jong's alterations allow to replace M gm (Pi) in 
the reasoning above by some Chow motives (with rational coefficients); see 
Appendix B of [HuK06j; we will not write down the details here. 

□ 

Remark 4.8.2. Assertion 2 is not very actual for cohomology of smooth vari- 
eties since any Z G SmPrVar is birationally isomorphic to P G SmPrVar 
(at least for char/c = 0). Yet the statement becomes more interesting when 
applied for X = M c gm (Z). 

4.9 Birational motives; constructing the Gersten weight 
structure by gluing; other possible weight structures 

An alternative way to prove Proposition 14.8.1( 2) is to consider (following 
|KaS02j) the category of birational comotives. It satisfies the following prop- 
erties: 

(i) All birational cohomology theories factorize through it. 

(ii) Chow and Gersten weight structures induce the same weight structure 
on it (see Definition ^TV^A)). 

(iii) More generally, for any n > Chow and Gersten weight structures 
induce weight structures on the localizations D(n)/D(n + 1) = ®i> ir (we call 
these localizations slices) that differ only by a shift. 

Moreover, one could 'almost recover' original Chow and Gersten weight 
structures starting from this single weight structure. 

Now we describe the constructions and facts mentioned in more detail. 
We will be rather sketchy here, since we will not use the results of this 
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subsection elsewhere in the paper. Possibly, the details will be written down 
in another paper. 

As we will show in §5.4.3l below. the Tate twist functor could be extended 
(as an exact functor) from DM^fJ to D; this functor is compatible with 
(small) products. 

Proposition 4.9.1. / The functor — ®Z(1)[1] is weight-exact with respect 
to w on D s ; — £g> Z(l)[2] is weight-exact with respect to Wchow on D (we will 
say that w is — ® 7,(1)[1]- stable, and Wchow is — ® Z(l)[2]- stable) . 

II Let Dt, ir denote the localization of D by 2)(1); B is the localization 
functor. We denote B(D S ) by !0 S) &j r . 

I- Wchow induces a weight structure w' bir on Dbir- Besides, w induces a 
weight structure wur on D s ^r- 

2. We have £Qf r " C ^ r ~\ C D^-° (i.e. the embedding 
(D s ,bir,uJbir) -> (® bir, w' b ir) is Weight- exact) . 

3. For any pro-scheme U we have B(M gm (U)) G ®™ b bir~° ■ 

Proof. I This is easy, since the functors mentioned obviously map the corre- 
sponding hearts (of weight structures) into themselves. 

II 1. By assertion I, Wchow induces a weight structure on 10(1) (i.e. £>(1) 
is a triangulated category, ObjD(l) H T> WChow -° and ObjD(l) D X> WChow - 
yield a weight structure on it). Hence by Proposition 8.1.1(1) of |Bon07] we 
obtain existence (and uniqueness) of w' bir . The same argument also implies 
the existence of some i% r on ^) s ,bir- 

2. Now we compare Wur with w' bir . Since w is bounded, wur also is 
(see loc.cit.). Hence it suffices to check that Hw bir C Hw' h ir (see Theorem 

Exmn). 

Moreover, it suffices to check that for X = YIi^l M gm (Ki) we have B(X) G 

■&Mr ir ~° ( smce 2)^r r_ ° * s Karoubi-closed in 'Dbir, nere we a l so a Pply Proposi- 
tion HTTTJ2)). As in the proof of Proposition 14.8.17 2). we will consider the 
case char k = 0; the case char k = p is treated similarly. Then we choose Pi € 
SmPrVar such that K\ are their function fields; we have a natural morphism 
X ->■ [] M gm (Pi). It remains to check that Cone(X -> J] M gm (P{)) G D s (l). 
Now, since 2) s (l) and the class of distinguished triangles are closed with re- 
spect to small products, it suffices to consider the case when L consists of a 
single element. In this case the statement is immediate from Corollary 13.6.21 

3. Immediate from Corollary 13.6.21 

□ 
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Remark 4.9.2. 1. Assertion II easily implies Proposition 14.8. 1T 2). 

Indeed, any extended birational H (as in loc.cit.) could be factorized as 
GoB for a cohomological G : Du r -> A- Since B is weight-exact with respect 
to Wchow (and its restriction to D s is weight-exact with respect to w), (the 
trivial case of) Proposition 12.7.3( 12) implies that for any X G ObjD (any 
choice) of T w > . (G,i?(X)) is naturally isomorphic starting from E 2 to any 
choice of T Wchow (H,X); for any X G 06jD s (any choice) of T Wbir (G, B{X)) 
is naturally isomorphic starting from to any choice of T W (H,X). 

It is also easily seen that the isomorphism T WChow (H, X) — > T W (H,X) is 
compatible with the comparison morphism M (see loc.cit.). 

2. The proof of existence of Wu r and of assertion 3 works with integral 
coefficients even if char k > 0. Hence we obtain that that the category image 
B(M gm (U)), U G SmVar, is negative. We can apply this statement in C_ be- 
ing the idempotent completion of B(DMgff) i.e. in the category of birational 
comotives. Hence Theorem I2.2.1ITT8]) yields: there exists a weight structure 
for C_ whose heart is the category of birational Chow motives (defined as 
in §5 of |KaS02j ). Note also that one can pass to the inductive limit with 
respect to base change in this statement (cf. §4.6[) : hence one does not need 
to require k to be countable. 

Now we explain that w and Wchow could be 'almost recovered' from 
(T>bir, w' bir ). Exactly the same reasoning as above shows that for any n > 
the localization of D by D(n) could be endowed with a weight structure w' n 
compatible with Wchow, whereas the localization of D s by D s (n) could be 
endowed with a weight structure w n compatible with w. 

Next, we have a short exact sequence of triangulated categories D/D(n) 

D /Q(n + 1) Dbir- Here the notation for functors comes from the 'classical' 
gluing data setting (cf. §8.2 of |Bon07] ); z* could be given by — <8> Z(l)[s] 
for any s G Z, j* is just the localization. Now, if we choose s = 2 then 
is weight-exact with respect to w' n and w' n+l ; if we choose s = 1 then the 
restriction of to D s /D s (n) is weight-exact with respect to w n and w n+ \. 
Next, an argument similar to the one used in §8.2 of |Bon07| shows: for 

any short exact sequence D_ -4- C_ E_ of triangulated categories, if D_ and 
E are endowed with weight structures, then there exist at most one weight 
structure on C_ such that both z* and j* are weight-exact (see also Lemma 
4.6 of [Bei98j for the proof of a similar statement for t-structures). Hence 
one can recover w n and w' n from (copies of) w' bir ; the main difference between 
them is that the first one is — (g) Z(l)[l]-stable, whereas the second one is 
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— (g Z(l)[2]-stable. It is quite amazing that weight structures corresponding 
to spectral sequences of quite distinct geometric origin differ just by [1] here! 
If one calls the filtration of D by Q(ri) the slice filtration (this term was 
already used by A. Huber, B. Kahn, M. Levine, V. Voevodsky, and other 
authors for other 'motivic' categories), then one may say that w n and w' n 
could be recovered from slices; the difference between them is 'how we shift 
the slices'. 

Moreover, Theorem 8.2.3 of |Bon07| shows: if both adjoints to z* and 
j* exist, then one can use this gluing data in order to glue (any pair) of 
weight structures for D and E into a weight structure for C. So, suppose 
that we have a weight structure w UjS for D/D(n) that is — (g)(1) [s] -stable and 
compatible with w' bir on all slices (in the sense described above; so w' n = w n ^, 
w n is the restriction of w n ^\ to D s /D s (n), and all w% }S coincide with w' bir ). 
General homological algebra (see Proposition 3.3 of [Kra05j) yields that all 
the adjoints required do exist in our case. Hence one can construct w n+ \ jS for 
l D/'D(n+l) that satisfies similar properties. So, u>„, s exist for all n > and all 
s G Z. Hence Gersten and Chow weight structures (for D s /D s (n) C D/D(n)) 
are members of a rather natural family of weight structures indexed by a 
single integral parameter. It could be interesting to study other members of 
it (for example, the one that is — <g Z(l)-stable), though possibly w' n is the 
only member of this family whose heart is cocompactly generated. 

This approach could allow to construct w in the case of a not neces- 
sarily countable k. Note here that the system of D s /D s (n) yields a fine 
approximation of D s . Indeed, if X e SmPrVar, n > dimX, then Poincare 
duality yields: for any Y e ObjDMfJ we have DMffl(Y(n), M gm (X)) = 
DMgll (Y <g X(n - dimX)[-2dimX],Z); this is zero if n > dimX since 
Z is a birational motif. Hence (by Yoneda's lemma) for any n > the full 
subcategory of DM^H generated by motives of varieties of dimension less 
than n fully embeds into DM e JJ /DM e g f J (n) C D/D(n). 

It follows that the restrictions of w n ^ s to a certain series of (sufficiently 
small) subcategories of D/D(n) are induced by a single — <g) (l)[s]-stable 
weight structure w s for the corresponding subcategory of 3). Here for the 
corresponding subcategory of D/D(n) (or D) one can take the union of the 
subcategories of D/D{n) (resp. D) generated (in an appropriate sense) by 
the comotives of (smooth) varieties of dimension < r (with r running through 
all natural numbers). Note that this subcategory of D contains DM^JJ . 

We also relate briefly our results with the (conjectural) picture for t- 
structures described in |Bei 98j. There another (geometric) filtration for mo- 
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tives was considered; this filtration (roughly) differs from the filtration con- 
sidered above by (a certain version of) Poincare duality. Now, conjecturally 
the gr n of the category of birational motives with rational coefficients (cf. §4.2 
of ibid.) should be (the homotopy category of complexes over) an abelian 
semisimple category. Hence it supports a t-structure which is simultaneously 
a weight structure. This structure should be the building block of all rele- 
vant weight and i-structures for (co)motives. Certainly, this picture is quite 
conjectural at the present moment. 

Remark 4.9.3. The author also hopes to carry over (some of) the results 
of the current paper to relative motives (i.e. motives over a base scheme 
that is not a field), relative comotives, and their cohomology. One of the 
possible methods for this is the usage of gluing of weight structures (see §8.2 
of |Bon07] . especially Remark 8.2.4(3) of loc.cit.). Possibly for this situation 
the 'version of 2}' that uses motives with compact support (see §6.41 below) 
could be more appropriate. 

5 The construction of D and base change 
and Tate twists 

Now we construct our categories D' and D using the differential graded 
categories formalism. 

In §5. II we recall the definitions of differential graded categories, modules 
over them, shifts and cones (of morphisms). 

In §5.2l we recall main properties of the derived category of (modules over) 
a differential graded category. 

In §5.3l we define Q' and Q as the categories opposite to the corresponding 
categories of modules; then we prove that they satisfy the properties required. 

In §5.41 we use the differential graded modules formalism to define base 
change for motives (extension and restriction of scalars). This yields: our 
results on direct summands of the comotives (and cohomology) of function 
fields (proved above) could be carried over to pro-schemes obtained from 
them via base change. 

We also define tensoring of comotives by motives, as well as a certain 
'co-internal Horn' (i.e. the corresponding left adjoint functor to X <8> — for 
X G ObjDM e JJ). These results do not require k to be countable. 
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5.1 DG-categories and modules over them 



We recall some basic definitions; cf. [Kel06j and |Dri04] . 

An additive category A is called graded if for any P,Q G ObjA there 
is a canonical decomposition A(P, Q) = i A 4 (P, Q) defined; this decom- 
position satisfies A l (*,*) o A?(*,*) C A l+: *(*,*). A differential graded cat- 
egory (cf. [Dri04j) is a graded category endowed with an additive oper- 
ator 5 : A\P,Q) ->• A l+1 (P,Q) for all i G Z,P,Q G ObjA. 5 should 
satisfy the equalities 5 2 = (so A(P, Q) is a complex of abelian groups); 
S(f o g) = Sf o g + (-1)7 o for any P,Q,R G O&jTL, / G A*(P,Q), 
g G A(Q,R). In particular, 5(idp) = 0. 

We denote 5 restricted to morphisms of degree i by 5 l . 

Now we give a simple example of a differential graded category. 

For an additive category B we consider the category B(B) whose ob- 
jects are the same as for C(B) whereas for P = (P 1 ), Q = (Q l ) we define 
B(BY(P,Q) = Ujez B ( pj ^Q' l+j )- Obviously B(B) is a graded category. 
We will also consider a full subcategory B b (B) C B(B) whose objects are 
bounded complexes. 

We set 5f = d Q o f - (-1)7 o dp, where / G B^Q), d P and d Q 
are the differentials in P and Q. Note that the kernel of 5°(P,Q) coincides 
with C(A)(P,Q) (the morphisms of complexes); the image of £ _1 are the 
morphisms homotopic to 0. 

Note also that the opposite category to a differential graded category 
becomes differential graded also (with the same gradings and differentials) if 
we define f op o g op = (—l) pq (g o f) op for g, f being composable homogeneous 
morphisms of degrees p and q, respectively. 

For any differential graded A we define an additive category H(A) (some 
authors denote it by H°(A)); its objects are the same as for A; its morphisms 
are defined as 

H(A)(P,Q) =Ker 6° A (P,Q)/lm52\P,Q). 

In the case when H(A) is triangulated (as a full subcategory of the category 
K,(A) described below) we will say that A is a (differential graded) enhance- 
ment for H(A). 

We will also need Z{A): ObjZ(A) = ObjA; Z(A)(P,Q) = Ker 8° A (P,Q). 
We have an obvious functor Z{A) — >■ H(A). Note that Z(B(B)) = C(B); 
H(B(B)) = K(B). 
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Now we define (left differential graded) modules over a small differen- 
tial graded category A (cf. §3.1 of [Kel06j or §14 of |Dri04| ): the objects 
DG-Mod(v4) are those additive functors of the underlying additive categories 
A B(Ab) that preserve gradings and differentials for morphisms. We de- 
fine DG-Mod(A) l (F, G) as the set of transformations of additive functors of 
degree z; for h G DG-Mod(A) l (F, G) we define 5\h) =d G of- (-1)7 o d F . 
We have a natural Yoneda embedding Y : A op — > DG-Mod(v4) (one should 
apply Yoneda's lemma for the underlying additive categories); it is easily 
seen to be a full embedding of differential graded categories. 

Now we define shifts and cones in DG-Mod(A) componentwisely. For F G 
Obj DG-Mod(A) we set F[1](X) = F(X)[1}. For h G Ker 5° G _ Mod(A) (F, G) 
we define the object Cone(A): Cone(/i)(X) = Cone(F(X) -± G{X)) for all 
X g Obj A. 

Note that for A = B(B) both of these definitions are compatible with the 
corresponding notions for complexes (with respect to the Yoneda embedding). 
We have a natural triangle of morphisms in S^ G _ Mod ^ A y 

P A P' Cone(/) -»■ P[l}. (30) 



5.2 The derived category of a differential graded cate- 
gory 

We define K(A) = if (DG-Mod(A)). It was shown in §2.2 of [Kel06j that 
K{A) is a triangulated category with respect to shifts and cones of morphisms 
that were defined above (i.e. a triangle is distinguished if it is isomorphic to 
those of the form ( 130]) ). 

We will say that / G Ker 5^ G Mod ^(F, G) is a quasi-isomorphism if for 
any X G Obj A it yields an isomorphism F(X) — > F(Y). We define T>(A) 
as the localization of K.(A) with respect to quasi-isomorphisms; so it is a 
triangulated category. Note that quasi-isomorphisms yield a localizing class 
of morphisms in K(A). Moreover, the functor X — > H°(F(X)) : IC(A) — > Ab 
is corepresented by DG-Mod(A)(X, — ) G Obj)C(A); hence for any X G Obj A, 
F G Obj)C(A) we have 

V(A)(Y(X), F) = JC(A)(Y(X), F). (31) 

Hence we have an embedding H(A) op — > T>(A). 
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We define C(A) as Z(DG-Mod(A)). It is easily seen that C(A) is closed 
with respect to (small filtered) direct limits, and limi 7 } is given by X — > 
liinf/i.Y). 

Now we recall (briefly) that differential graded modules admit certain 
'resolutions' (i.e. any object is quasi-isomorphic to a semi-free one in the 
terms of §14 of |Dri04] ). 

Proposition 5.2.1. There exists a full triangulated K' C 1C(A) such that the 
projection K(A) — > D(A) induces an equivalence K' w D(A). K' is closed 
with respect to all (small) coproducts. 

Proof. See §14.8 of |Dri04] □ 

Remark 5.2.2. In fact, there exists a (Quillen) model structure for C(A) such 
that T>(A) its homotopy category; see Theorem 3.2 of [Kel06j. Moreover 
(for the first model structures mentioned in loc.cit) all objects of C(A) are 
fibrant, all objects coming from A are cofibrant. For this model structure 
two morphisms are homotopic whenever they become equal in )C(A). So, one 
could take K' whose objects are the cofibrant objects of C(A). 

Using these facts, one could verify most of Proposition 13.1.11 (for Q' and 
25 described below). 

5.3 The construction of D' and D; the proof of Propo- 
sition 13.1.11 

It was proved in §2.3 of |BeV08] (cf. also |Lev98j or §8.3.1 of |Bon09j ) that 
DM git could be described as H(A), where A is a certain (small) differential 
graded category. Moreover, the functor K b (SmCor) — > DMgff could be pre- 
sented as H(f), where / : B b (SmCor) — > A is a differential graded functor. 
We will not describe the details for (any of) these constructions since we will 
not need them. 

We define D' = C(A) op , D = V(A) op , p is the natural projection. We 
verify that these categories satisfy Proposition 13.1.11 Assertion [10] follows 
from the fact that any localization of a triangulated category that possesses 
an enhancement is enhanceable also (see §§3.4-3.5 of [Dri04j). 

The embedding H(A) op -> V(A) yields DM e JJ C D'. Since all objects 
coming from A are cocompact in K.(A) op , Proposition 15.2. fl yields that the 
same is true in D. We obtain assertion [TJ 



91 



D' is closed with respect to inverse limits since C(A) is closed with respect 
to direct ones. Since the projection C(A) — > K,(A) respects coproducts (as 
well as all other (filtered) colimits), Proposition 15.2.11 yields that p respects 
products also. We obtain assertion |2j 

The descriptions of C(A) and T>(A) yields all the properties of shifts and 
cones required. This yields assertions [21 El andEJ Since F>(A) is a localization 
of JC(A), we also obtain assertion 

Next, since T>(A) is a localization of JC(A) with respect to quasi-isomorphisms, 
we obtain assertion [HJ 

Recall that filtered direct limits of exact sequences of abelian groups are 
exact. Hence for any X G ObjA C ObjD', Y : L -> DG-Mod(A) we have 



K(A){DG-Mod{A)(X,-),\^ l Y l ) = H°(Q^Yi)(A)) 
= H°(hm(Yi(A))) = lim#°(^(A)) = lim^ /C(A)(DG-Mod(A)(X, -), Y t ). 



Applying fl3TT) we obtain assertion [7J 

It remains to verify assertion [9] of loc.cit. Since the inverse limit with re- 
spect to a projective system is isomorphic to the inverse limit with respect to 
any its unbounded subsystem, and the same is true for hji^ in the countable 
case, we can assume that / is the category of natural numbers, i.e. we have 
a sequence of Fi connected by morphisms. 

In this case we have functorial morphisms hm Fi -4 Yl F\ 1~I Fi as i n 
(j27j) . Hence it suffices to check that these morphisms yield a distinguished 
triangle in D. Note that g o / = 0; hence g could be factorized through 
a morphism h : Cone / — > Y[ Fi in £)'. Since for any X G ObjA the mor- 
phism h* : risy -^H^O ~* Cone F(X) is a quasi-isomorphism, h becomes an 
isomorphism in D. This finishes the proof. 

Remark 5.3.1. 1. Note that the only part of our argument when we needed 
k to be countable in the proof of assertion [9] of loc.cit. 

2. The constructions of A (i.e. of the 'enhancement' for DM e g ll mentioned 
above) that were described in |BeVQ8j . |Lev98j . and in |Bon09j, are easily 
seen to be functorial with respect to base field change (see below). Still, 
the constructions mentioned are distinct and far from being the only ones 
possible; the author does not know whether all possible D are isomorphic. 
Still, this makes no difference for cohomology (of pro-schemes); see Remark 



Moreover, note that assertion [10] of Proposition 13.1.11 was not very im- 
portant for us (without if we would only have to consider a certain weakly 



MM 



92 



exact weight complex functor in §6.11 below; see §3 of |Bon07] ). The author 
doubts that this condition follows from the other parts of Proposition 13.1.11 

5.4 Base change and Tate twists for comotives 

Our differential graded formalism yields certain functoriality of comotives 
with respect to embeddings of base fields. We construct both extension and 
restriction of scalars (the latter one for the case of a finite extension of fields 
only). The construction of base change functors uses induction for differential 
graded modules. This method also allows to define certain tensor products 
and Co — Horn for comotives. In particular, we obtain a Tate twist functor 
which is compatible with ( 1291) (and a left adjoint to it). 

We note that the results of this subsection (probably) could not be de- 
duced from the 'axioms' of D listed in Proposition 13. Lit yet they are quite 
natural. 

5.4.1 Induction and restriction for differential graded modules: 
reminder 

We recall certain results of §14 of |Dri04| on functoriality of differential graded 
modules. These extend the corresponding (more or less standard) statements 
for modules over differential graded algebras (cf. §14.2 of ibid.). 

If / : A — > B is a functor of differential graded categories, we have an 
obvious restriction functor /* : C(B) — > C(A). It is easily seen that /* also 
induces functors JC(B) ->■ JC(A) and V(B) -> V(A). Certainly, the latter 
functor respects homotopy colimits (i.e. the direct limits from C(B)). 

Now, it is not difficult to construct an induction functor /* : DG-Mod(v4) — > 
DG-Mod(S) which is left adjoint to /*; see §14.9 of ibid. By Example 14.10 
of ibid, for any X G ObjA this functor sends X* = A(X, -) to f(X)*. 

/* also induces functors C(A) — > C(B) and K,{A) — > K.(B). Restricting 
the latter one to the category of semi- free modules K' (see Proposition 15.2.1]) 
one obtains a functor L/* : T>(A) — > T>(B) which is also left adjoint to the 
corresponding /*; see §14.12 of |Dri04j . Since all functors of the type X* 
are semi-free by definition, we have Lf*(X*) = A(X,—) = Lf(X)*. It can 
also be shown that L/* respects direct limits of objects of A op (considered as 
A-modules via the Yoneda embedding). In the case of countable limits this 
follows easily from the definition of semi-free modules and the expression of 
the homotopy colimit in T>(A) as liniXj = Cone(]jXj — > IJXj) (this is just 
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the dual to (l27p ) ■ For uncountable limits, one could prove the fact using a 
'resolution' of the direct limit similar to those described in §A3 of |Nee01| . 

5.4.2 Extension and restriction of scalars for comotives 

Now let l/k be an extension of perfect fields. 

Recall that D' and D were described (in §5.31) in terms of modules over 
a certain differential graded category A. It was shown in |Lev98] that the 
corresponding version of A is a tensor (differential graded) category; we also 
have an extension of scalars functor A^ — > A\. It is most probable that both 
of these properties hold for the version of A described in [BeV08j (note that 
they obviously hold for B b (SmCor)). Moreover, if l/k is finite, then we have 
the functor of restriction of scalars in inverse direction. 

So, the induction for the corresponding differential graded modules yields 
an exact functor of extension of scalars Extj/fc : — > 2)/. The reasoning 
above shows that Ext//& is compatible with the 'usual' extension of scalars 
for smooth varieties (and complexes of smooth correspondences) . Moreover, 
since Ext^/fc respects homotopy limits, this compatibility extends to the co- 
motives of pro-schemes and their products. It can also be easily shown that 
Ext//£. respects Tate twists. 

We immediately obtain the following result. 

Proposition 5.4.1. Let k be countable (and perfect), let I D k be a perfect 
field. 

1. Let S be a connected primitive scheme over k, let Sq be its generic 
point. Then M gm (Si) is a retract of M gm (Soi) in Di. 

2. Let K be a function field over k. Let K' be the residue field for a 
geometric valuation v of K of rank r. Then M gm {K[{r)[r\) is a retract of 
M ;I JK,) in I)/. 

As in 14. 3[ this result immediately implies similar statements for any 
cohomology of pro-schemes mentioned (constructed from a cohomological 
H : DM e JJi A via Proposition EEXTj. 

Next, if l/k is finite, induction for differential graded modules applied 
to the restriction of scalars for A's also yields a restriction of scalars functor 
Res;/*; : Di — > Dk- Similarly to Ext//^, this functor is compatible with restric- 
tion of scalars for smooth varieties, pro-schemes, and complexes of smooth 
correspondences; it also respects Tate twists. 
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It follows: l/k is finite, then Exti/k maps D s k to D s i; Res^ maps D s i to 
D s k- Besides, if we also assume / to be countable, then both of these functors 
respect weight structures (i.e. they map T> S k~° to ^sf' , ^sk~° to ® s f-°, 
and vice versa). 

Remark 5.4.2. It seems that one can also define restriction of scalars via 
restriction of differential graded modules (applied to the extension of scalars 
for A's). To this end one needs to check the corresponding adjunction for 
DMgll; the corresponding (and related) statement for the motivic homotopy 
categories was proved by J. Ayoub. This would allow to define Res//fc also 
in the case when l/k is infinite; this seems to be rather interesting if I is a 
function field over k. Note that Res;/fc (in this case) would (probably) also 
map T) s f-° to D S fc~° and D s f-° to 2) s ^~° (if I is countable). 

5.4.3 Tensor products and 'co-internal Horn' for comotives; Tate 
twists 

Now, for X G ObjA we apply restriction and induction of differential graded 
modules for the functor X £g> — : A — > A. Induction yields a certain functor 
X <g) — : D — y 2), whereas restriction yields its left adjoint which we will 
denote by Co— Hom (X, — ) : £> — > D. Both of them respect homotopy limits. 
Also, X £g> — is compatible with tensoring by X on DM^H . Besides, the 
isomorphisms classes of these functors only depend on the quasi-isomorphism 
class of X in DG-Mod(A). Indeed, it is easily seen that both X <g> Y and 
Co — Hom(X, Y) are exact with respect to X if we fix Y ; since they are 
obviously zero for X = 0, it remains to note that quasi-isomorphic objects 
could be connected by a chain of quasi-isomorphisms. 

Now suppose that X is a Tate motif i.e. X = Z(m)[n], m > 0, n G 
Z. Then we obtain that the formal Tate twists defined by fl29|) are the 
true Tate twists i.e. they are given by tensoring by X on D. Then recall 
the Cancellation Theorem for motives: (see Theorem 4.3.1 of |Voe00a] . and 
|VoelO] )): X <8> — is a full embedding of DMglf into itself. Then one can 
deduce that X (g) — is fully faithful on D also (since all objects of D come 
from semi-free modules over A). Moreover, Co — Hom(X, — ) o (X <8> — ) is 
easily seen to be isomorphic to the identity on 2) (for such an X). 
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6 Supplements 



We describe some more properties of comotives, as well as certain possible 
variations of our methods and results. We will be somewhat sketchy some- 
times. 

In §6.1l we define an additive category £) 9en of generic motives (a variation 
of those studied in |Deg08a| ). We also prove that the exact conservative 
weight complex functor (that exists by the general theory of weight structures) 
could be modified to an exact conservative WC : D s — > K b (D gen ). Besides, 
we prove assertions on retracts of the pro-motif of a function field K/k, that 
are similar to (and follow from) those for its comotif. 

In §6.21 we prove that HI has a nice description in terms of Hw. This is 
a sort of Brown representability: a cofunctor Hw — > Ab is representable by 
a (homotopy invariant) sheaf with transfers whenever it converts all small 
products into direct sums. This result is similar to the corresponding results 
of §4 of |Bon07] (on the connection between the hearts of adjacent structures). 

In §6.31 we note that our methods could be used for motives (and como- 
tives) with coefficients in an arbitrary commutative unital ring R; the most 
important cases are rational (co)motives and 'torsion' (co)motives. 

In §6.41 we note that there exist natural motives of pro-schemes with 
compact support in DM e _l^ . It seems that one could construct alternative !D 
and Q' using this observation (yet this probably would not affect our main 
results significantly). 

We conclude the section by studying which of our arguments could be 
extended to the case of an uncountable k. 

6.1 The weight complex functor; relation with generic 
motives 

We recall that the general formalism of weight structures yields a conserva- 
tive exact weight complex functor t : 2) s — > K ( Hw) ; it is compatible with 
Definition I2.1.2H19] ). Next we prove that one can compose it with a certain 
'projection' functor without losing the conservativity. 

Lemma 6.1.1. There exists an exact conservative functor t : T) s — > K b ( Hw ) 
that sends X G Obj® s to a choice of its weight complex (coming from any 
choice of a weight Postnikov tower for it). 
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Proof. Immediate from Remark 6.2.2(2) and Theorem 3.3.1 (V) of [Bon07j 
(note that D s has a differential graded enhancement by Prop osit ion 13 . 1 . Dj 1 j) ) . 

□ 

Now, since all objects of Hw are retracts of those that come via p from 
inverse limits of objects of j(C b (SmCor)), we have a natural additive functor 
Hw — > 2) ncm,e (see §1.5p . Its categorical image will be denoted by £) 9en ; this is 
a slight modification of Deglise's category of generic motives. We will denote 
the 'projection' Hw -»■ ® 9en and K b (Hw) -> K b (D 9en ) by pr. 

Theorem 6.1.2. 1. The functor WC = prot : D s — > /^(J) 96 ™) is exact and 
conservative. 

2. Let S be a connected primitive scheme, let Sq be its generic point. 
Then pr(M gm (S)) is a retract of pr(M gm (S )) in T) 9en . 

3. Let K be a function field over k. Let K' be the residue field for some 
geometric valuation v of K of rank r. Then pr(M grn (K')(r)[r}) is a retract 
ofpr(M gm (K)) in ® gen . 

Proof. 1. The exactness of WC is obvious (from Lemma l6.1.ip . Now we 
check that WC is conservative. 

By Proposition 13 . 1 . lt lHj) . it suffices to check: if WC(X) is acyclic for some 
X G 06j£ s , then D(X, Y) = for all Y E ObjDM e g s J . We denote the terms 
oft(X)byX\ 

We consider the coniveau spectral sequence T(H, X) for the functor H = 
®(— ,Y) (see Remark |4.4.2p . Since WC(X) is acyclic, we obtain that the 
complexes D(X~ l ,Y[j}) are acyclic for all j G Z. Indeed, note that the 
restriction of a functor Q(X~\ —) to DM g ^ could be expressed in terms of 
pr(X~ l ); see Remark 13.2.11 Hence E 2 {T) vanishes. Since T converges (see 
Proposition 14.4. 1T 2)) we obtain the claim. 

2. Immediate from Corollary 14.2.2( 1 ) . 

3. Immediate from Corollary 14.2.2( 2). 

□ 

Remark 6.1.3. For X = M gm (Z), Z G SmVar, it easily seen that WC(X) 
could be described as a 'naive' limit of complexes of motives; cf. §1.5. 

Now, the terms of t(X) are just the factors of (some possible) weight 
Postnikov tower for X; so one can calculate them (at least, up to an isomor- 
phism) for X = M gm (Z). Unfortunately, it seems difficult to describe the 
boundary for t(X) completely since Hw is finer than 'J)9 en . 
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6.2 The relation of the heart of w with HI ('Brown rep- 
resentability') 

In Theorem 4.4.2(4) of |Bon07] . for a pair of adjacent structures (w,t) for 
C_ (see Remark 12.5.7}) it was proved that Ht is a full subcategory of Hw ^(= 
AddFun( ffw op , Ab)). This result cannot be extended to arbitrary orthog- 
onal structures since our definition of a duality did not include any non- 
degenerateness conditions (in particular, $ could be 0). Yet for our main 
example of orthogonal structures the statement is true; moreover, HI has 
a natural description in terms of Hw . This statement is very similar to a 
certain Brown representability-type result (for adjacent structures) proved in 
Theorem 4.5.2(11.2) of ibid. 

Note that Hw is closed with respect to arbitrary small products; see 
Proposition 14.1.1( 2). 

Proposition 6.2.1. HI is naturally isomorphic to a full abelian subcategory 
Hw[ of Hw t that consists of functors that convert all products in Hw into 
direct sums (of the corresponding abelian groups). 

Proof. First, note that for any G G ObjDM_ the functor D — > Ab that 
sends X G ObjD to $(X, G) ($ is the duality constructed in Proposition 
14.5. ip is cohomological. Moreover, it converts homotopy limits into injective 
limits (of the corresponding abelian groups); hence its restriction to Hw 
belongs to Hvj\ . We obtain an additive functor DM g H — » Hw \. In fact, 
it factorizes through HI (by (1251) ). For G G ObjHI we denote the functor 
Hw — >■ Ab obtained by G' . 

Next, for any (additive) F : Hw op -» Ab we define F' : D s -> Ab by: 

F'(X) = (Ker(F(X°) -> F^ 1 ))/ \m{F{X 1 ) -> F(X )); (32) 

here X % is a weight complex for X. It easily seen from Lemma [6.1.11 that F' 
is a well-defined cohomological functor. Moreover, Theorem l2.2.1ffT9|) yields 
that F' vanishes on Q™-~ 1 and on Q™- 1 (since it vanishes on Df =t for all 

Hence F' defines an additive functor F" — F' o M gm : SmCor op — » Ab i.e. 
a presheaf with transfers. Since M gm (Z) = M gm (Zx A 1 ) for any Z G SmVar, 
F" is homotopy invariant. We should check that F" is actually a (Nisnevich) 
sheaf. By Proposition 5.5 of |Voe00b] . it suffices to check that F" is a Zariski 
sheaf. Now, the the Mayer- Vietoris triangle for motives (§2 of |Voe0 0aj) 
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yields: to any Zariski covering U Y[ V U U V there corresponds a long 
exact sequence 

► F'(M gm (unv)[i]) -> f"(uuv) -> F"(c/)0F"(y) ^F"(c/ny) ... 

Since M sm ([/nV) G 2)™-° by part 5 of Proposition gXU we have F'(M gm (Un 
V)[l]) = {0}; hence F" is a sheaf indeed. 

So, F i — y F" yields an additive functor Hw ^ — >■ 

Now we check that the functor G i— >■ G" (described above) and the restric- 
tions of F (- >■ F" to f/u^ C -ffw t yield mutually inverse equivalences of the 
categories in question. 

([21]) immediately yields that the functor HI — > HI that sends G G 
ObjHI to (G')" is isomorphic to idui- 

Now for F G Ohj Hw '^ we should check: for any P G !l)^ =0 we have a nat- 
ural isomorphism (F")'(P) = F(P). Since Hw is the idempotent completion 
of H, it suffices to consider P being of the form Y\ l&L M gm {Ki)(ni)[ni\ (here 
Ki are function fields over k, rii > 0; rii and the transcendence degrees of 
Ki/k are bounded); see part 2 of Proposition 14. 1 . II Moreover, since F con- 
verts products into direct sums, it suffices to consider P = M gm (K')(n)[n] 
(K'/k is a function field, n > 0). Lastly, part 2 of Corollary 14.2.21 re- 
duces the situation to the case P = M gm (K) (Kjk is a function field). 
Now, by the definition of the functor G i-> G', we have (F")'(M gm (K)) = 
\^ l&L F"{M gm {Ui)), where if = hm /gL ^z, C/j G SmVar. We have F"(l7j) = 
Ker F(Mgm(K)) -> FflXetf 1 M 9 m(^)(l)[l]); here L/, 1 is the set of points of t/"j 
of codimension 1. Since F(U ze uf M gm (z) (1)[1]) = © JB6l ^iF(M flm (z)(l)[l]); 
we have lim -^(ELec/ 1 ^sm(2)(l)[l]) = {0}; this yields the result. 

~ H * '' • " ' ' n 

6.3 Motives and comotives with rational and torsion 
coefficients 

Above we considered (co)motives with integral coefficients. Yet, as was shown 
in |MVW 06j . one could do the theory of motives with coefficients in an arbi- 
trary commutative associative ring with a unit R. One should start with the 
naturally defined category of ^-correspondences: Obj(SmCorn) = SmVar; 
for X, Y in SmVar we set SmCorn(X,Y) = for all integral closed 

U G X xY that are finite over X and dominant over a connected component 
of X. Then one obtains a theory of motives that would satisfy all properties 
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that are required in order to deduce the main results of this paper. So, we 
can define i?-comotives and extend our results to them. 

A well-known case of motives with coefficients are the motives with ra- 
tional coefficients (note that Q is a flat Z-algebra). Yet, one could also take 
R = Z/nZ for any n prime to char k. 

So, the results of this paper are also valid for rational (co)motives and 
'torsion' (co) motives. 

Still, note that there could be idempotents for i?-motives that do not come 
from integral ones. In particular, for the naturally defined rational motivic 
categories we have DMfflQ ^ DMffi g> Q; also Chow eff Q ^ Chow eff <g> Q 
(here Chow e ^Q C DM^Q denote the corresponding i?-hulls). Certainly, 
this does not matter at all in the current paper. 

6.4 Another possibility for £); motives with compact 
support of pro-schemes 

In the case charfc = 0, Voevodsky developed a nice theory of motives with 
compact support that is compatible with Poincare duality; see Theorem 4.3.7 
of |Voe00aJ . Moreover, the explicit constructions of [VoeOOa yield that the 
functor of motif with compact support M gm : SmVar op — > DM g ^ is com- 
patible with a certain j c : SmVar°^ p — > C~(Shv(SmCor)) (which sends X to 
the Suslin complex of L C (X), see §4.2 loc.cit.); this observation was kindly 
communicated to the author by Bruno Kahn). This allows to define j c (V) 
for a pro-scheme V as the corresponding direct limit (in C(Shv(SmCor))). 

Starting from this observation, one could try to develop an analogue of 
our theory using the functor M c gm . One could consider Q = DM e _^ op ; then it 
would contain DM g H° p as the full category of cocompact objects. It seems 
that our arguments could be carried over to this context. One can construct 
some 2)' for this D using certain differential graded categories. 

Though motives with compact support are Poincare dual to ordinary 
motives of smooth varieties (up to a certain Tate twist), we do not have 
a covariant embedding DM g ll — > D (for this 'alternative' D), since (the 
whole) DM g ll is not self-dual. Still, DM g H has a nice embedding into 
( Voevodsky 's) self-dual category DM gm ; it contains an exhausting system of 
self-dual subcategories. Hence this alternative Q would yield a theory that 
is compatible with (though not 'isomorphic' to) the theory developed above. 

Since the alternative version of D is closely related with DMl ffop , it 
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seems reasonable to call its objects comotives (as we did for the objects of 
'our' ID). 

These observations show that one can dualize all the direct summands 
results of SjH to obtain their natural analogues for motives of pro-schemes 
with compact support. Indeed, to prove them we may apply the duals of our 
arguments in §H without any problem; see part 2 of Remark l3.1.2l Note that 
we obtain certain direct summand statements for objects of DM e J^ this way. 
This is an advantage of our 'axiomatic' approach in §3.11 

One could also take D op = U na M^( —n) (more precisely, this is the 
direct limit of copies of DM^ with connecting morphisms being — ®Z(1)). 

1-1-1 f f 

Then we have a covariant embedding DM^H — > DM gm — > D. 

Note that both of these alternative versions of Q are not closed with 
respect to all (countable) products, and so not closed with respect to all 
(filtered countable) homotopy limits; yet they contain all products and ho- 
motopy limits that are required for our main arguments. 

6.5 What happens if k is uncountable 

We describe which of the arguments above could be applied in the case of an 
uncountable k (and for which of them the author has no idea how to achieve 
this). The author warns that he didn't check the details thoroughly here. 

As we have already noted above, it is no problem to define £>, D', or 
even T) s for any k. The main problem here that (if k is uncountable) the 
comotives of generic points of varieties (and of other pro-schemes) can usually 
be presented only as uncountable homotopy limits of motives of varieties. 
The general formalism of inverse limits (applied to the categories of modules 
over a differential graded category) allows to extend to this case all parts 
of Proposition 13.1.11 expect part |HJ This actually means that instead of the 
short exact sequence ([28]) one obtains a spectral sequence whose i?i-terms are 
certain hm J ; here hm -* is the j's derived functor of hjn^; cf. Appendix A of 
|Nee01j . This does not seem to be catastrophic; yet the author has absolutely 
no idea how to control higher projective limits in the proof of Proposition 
13.5. lj note that part 2 of loc.cit. is especially important for the construction 
of the Gersten weight structure. 

Besides, the author does not know how to pass to an uncountable homo- 
topy limit in the Gysin distinguished triangle. It seems that to this end one 
either needs to lift the functoriality of the (usual) motivic Gysin triangle to 
D', or to find a way to describe the isomorphism class of an uncountable ho- 
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motopy limit in D in terms of 25-only (i.e. without fixing any lifts to D'; this 
seems to be impossible in general). So, one could define the 'Gersten' weight 
tower for the comotif of a pro-scheme as the homotopy limit of 'geometric 
towers' (as in the proof of Corollary 13.6. 2ft ; yet it seems to be rather difficult 
to calculate factors of such a tower. It seems that the problems mentioned 
do not become simpler for the alternative versions of D described in §6.41 
So, currently the author does not know how to prove the direct summand 
results of §4.21 if k is uncountable (they even could be wrong). The problem 
here that the splittings of §4.21 are not canonical (see Remark 14.2. 3p . so one 
cannot apply a limit argument (as in §4.6|) here. 

It seems that constructing the Gersten weight structure is easier for 
D s /D s (n) (for some n > 0); see §431 

Lastly, one can avoid the problems with homotopy limits completely by 
restricting attention to the subcategory of Artin-Tate motives in DM e g ll (i.e. 
the triangulated category generated by Tate twists of motives of finite exten- 
sions of A;, as considered in |Wil08] ). Note that coniveau spectral sequences 
for cohomology of such motives (could be chosen to be) very 'economic'. 
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